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Abatract
I describe the algorithms wsed in the Goddard EOFP Kalman filter sop_lkal.

1 Introduction

The orientation of the solid Earth changes becanse of external torques or the exchange of angular
momentum betwesn the solid Earth and the atmosphere and the oceans. The time evolution of
this systemn can be viewsd as obeying the following schematic linear equation:

%EDP = F EOP + & [AAM + OAM) (1)
here ECF are the EOF parameters, F' is some transfer matrix, (< ia another transfer matrix, and
AAM and OAM stand for, respectively, the atmosphere angnlar momentum and the ocean angular
momentum. The goal of this note is to derive & model for EOF which accurataly reproduces the
apectrum of EOP. This model will then be used as a starting point for a Kalman filter

In the following section we briefly review some facta from linear system theory. This is followed
by the relevant equations for a continuons Kalman filter. In the following section we constroct a
maodel for UT1. This is followed by & model for PM. In much of the work which follows we need
to evaluate functions of the form expfA where A is & matrix. An appendix derives the explicit
formula for the case whare A is an arbitrary 2 » 2 matrix.

2 Linear Systems

2.1 Noiseless Case

Suppose that we have some model which s specified by a linear first order differential equation
Thia mode]l can be written as: o

ZX=FX 2
T (2)

where X 18 a column vector, and F is & matrix. This equation is actually quite general, since any
n-th order linear equation can be rewritten in this form, where the matrix is n ®x » Given initial

conditiona of the X at some time & the solotion to this equation is:

X(f) = B(t — fo) X{ta) (3)



where
B(t) = ﬂpiF (4)
1+Z tF J .

=1

We now turn to several examples.

2.1.1 Linear Motion
We consider the coupled differential equations

I
K-

=T (6)

which has the aimple matrix form
The general solution to this is:

where
ﬁ[t—h}:upi(g '1]) (9)

It in straightforward to verify that

1
(:‘]])=U' =1 {10)

Hence the only term that appears in the exponential sum is the j = 1 term:
01 1 ¢
i-{s}=1'+¢(n n)=(ﬂ |) {11)

z(t)
(1)

It follows that

z(ta) + [t — Lo} {ta) (12)
#{tn)



2.1.2 BSecond order linear equation with constant coefficients

Clonsider the equation 2
o
il _
dt‘r +EE‘I+£E 1} {13)
which is the general second order linear equation with constant coefficients. This can be re-written

£()-(% 1)(2)

In an appendix we evaluate the exponential of an arbitrary 2 x 2 matrix  Suppose that ay > {?}i_

Then
B(1) = ﬂpi( : . ) (15)
= exp(-31) x {mm 4 "i“ﬂm ( %_b L )} (18)
where !
= h—(%)!_ (17
The general solution for z(f) is
2() = exp(-5) {eosr z(te) + T (Gatto) + () )} (18)
i) = exp(=5t) {oonft ifte) - T (alte) + Jai(to)

2.2 Response of Linear Systems to Noise
In the presence of stochastic processes the initial equation is modified. A particularly simple
miodification is:

d
X =FX +Gt) {19

where £(f) is a vector which represents the noise source. The formal solotion to this equation is
given by:

X{t) = B(t — to) X {t0) + f Dt — T)GE(r)dr (20)
tn

Suppose that we are interested in the system after a long time, say an infinitely long time, and
that
(1 — (—ooq)) X (—00) = 0 (21)
Thia equation will be satisfied if initially the system is at rest, or if the transfer matrix is 0 for large
time differences. In this case the system is driven entirely by the noise, and we have:

X(t) = f B[t — r)GE(r)dr (22)
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If £(f) can be expanded in a Fourier series
1]
£(t) = f expiwt &{w)d
then we can rewrite the expression for X (t) as

X(t)

} Bt — )7 ? expiwr £w)dwdr
= ? Erpt'wt{ ]. Bt — T expiw(r — ijfl:u]dr} i {23)

-]

[ expivtbu)GEw)ds

where
e k]
Blw) = f excp it (t)dw (24)
i}
It follows from this that the spectral density of X (i) i=:

Py (w) = |[®{w)E(w) [ (23)

Of course this depends on equation [24) existing If this is not the case, then direct means may
work.

2.3 Examples
Firat order system driven by noise For this system we have

2{t) = f £(r)dr = f { f{w}apiﬂ'du}dr
f { IG u}apwﬂw}dw (26)

[ €)% (expivt — expita) du

The spectral density is then: )
Py (w) = [§(w)f* = 127)



2.3.1 BSecond order system driven by white noise.
Suppose we take the second order system previously studied, and modify it so that we have

7(3)=(% %))+ (%) 0

To find the spectrum of £(t) we need:

Blw) = f exp it exp] _-,qai“ﬂﬂ‘dr, (20)
]
_ 1 1 (30)
7 — iw +52) 7 — il — 52)
where | have substituted v = 5. Henes
Px(w) = |&w)|* [@{w)* 1 (81)
|&{w)|* (32)

(72 + w? + 027 — dut (e

wo = /02 — 42 (33)

with magnitude 1/{4{}*~*). Expanding this term in a Taylor series about the peak we find

The term Id?'{u.:'”! has & peak at

g .4
|¢[w}|*=ﬁ${1_{mfﬂﬂ,_r: }+G{M} (34)

which implies that the half-width is

ﬂw‘i‘= —

|- &=
= VI (35)
These relations allow s to deduoce the coefficients a and b,

3 Kalman Filtering

Typically what happens is that we have some messurements [with uncertainties) of some of the
components of the X {f;) at different times ¢4, We want to use these measurements to obtain optimal
estimates of the X [i).

Suppose that we have an initial estimate .i'{ij with covariance PH and a measurement Z{t)
with covariance Pg. The new estimate _i""{r,j in given by:
Xt = ! PN+ P2 a6
(t) = PR (P'X +P;'2) (36)
X

&



with cowariance i

PHi) = ——. a7
The optimal estimates .i""{ij at a later time ¢y are easily found from above:
XH(ig) = Dty — )X (1) (48)
and the covariance at some later time iy is given by
Py (ty) = Bty — PL(HS" (11 1) |39]

These equations are essentially what are known as the “Kalman Filter” aquations.

3.1 Linear Equation With Noise Input

If we are trying io estimate the X[t), we use the same equations as before. The only equation
which s modified is the equation for the covariance, which becomes:

Pg(tp) = ®(t; — O)PL(OST(t; —t) + f"‘"[ir — 7)GET)ET ()T RN 1y — ) {40)
If the stochastic processes are uncorrelated, then we can replace f{T}JET['r] by a diagonal matrix.

4 Model for UT1

In the absence of external perturbations, UT1 should evolve linearly with time. Therefore, our

atarting point for UT1 is:
d | I'T1 a1 i
E(-m.&)=(n n)[_mn) {41)

which has the matrix solution:

( LrT(E) )_( 1 {t—tg) ) ( LT1{tg) ) (42)
LoDy [V o1 — L)
This can be recast in the more familiar form:
UTI(t) = UT1{ty) - (t— ) LOD(to) (43)
LOD(t) = LOD(ty) (44)

i.e, U'T1 evolves linearly with time. These equations are written with — LO) becanse what solwve
reports is ‘%rn' = — L0, When we come to implementing the filter it is easier to work with
% = — LMY we don't have to awitch the sign uf%: or change the sign of various terms in
the correlation matrix.



Figure 1 is a plot of the power spectrum of UT1 derived from VLBI data. At high frequencies,
aay under 30 days, the spectrum is well approximated by:

*
Py (T) = (ﬂ%] 10~ *ma?/CPD (45)

e\ . . 1 2
= —) 107 *ma® {CPD = —0.0080ms" {CF I
Le? Le?

Based on our analysis sbhove, this is recognized as the power spectrum you would obtain by inte-
grating white noise with spectral density of 0.008%9mas”/ P, This suggests that the simple model

for UT1 be modified to:
(| 01 Tl 0
(ion )= (6 6)(%on )+ (&) “
where £; has a uniform spectral density of 0.0039ms® /[,

A closer look at Figure 1 shows that there are prominent peaks at the anmal and semi-annmal
frequencies. If we want to include these peaks we need to the modsl for LOD more complicated
In particular, we write:

‘EI. =wyg + A + 8¢ {d?_:l
where wy i3 white nolse, and Ay and 5; are annual and semi-annual seasonal terms which have
a harmonic time dependence. We already know how to construet & model driven by noise which
has a harmonic time dependence This was done in ***. All we need to do is pick the coefficients

based on the location of the peaks and their width
Ot total model for UT1 is then given as

o
EJ{ = FX +w {48)
whers
i o1 1 0 1 1] 0
— LAy o0 o 0 1] 1] W
Ar o 0 o0 1 1] 1] 1}
o= Ag F=10 0 —bya —opa 0 0 Y wia (49)
S‘L o 0 0 L] 1] 1 ]
Sr o a0 L —brg —aws W

5 Building a Model for Polar Motion
In the absence of noise, a simple model which describes polar motion is given by:

() ) (3)

The matrix on the RHS of this can be exponentiated to give

161

—ainat  eogat

&(L) = exp( —zﬁ} (

exs it gin i )

T



where o is the frequency of the chandler wobble, and (@} is the quality factor In the presence of
AAM and OAM the simple PM model is modified to

S(0)r(F ) () (P ) ()

In analogy with the case for UT1, we also add a seasonal term to PM. It is well known that the
pole also experiences a long term drift. This suggests that we add linear terms as well. In this case
the total model for PM is given by

f PM f — & v T T 0 10y f 0y
FX - —y o —y —y 0 01 ]
Hy 0 0 0 0 0 0 o o )
- | Ha _J o 0 0 0 0 0 o o | w
Y=ls F=lo o o0 o 1 oo0]“=]a (53)
5 ] L] i o —my —ay O 0 wa
d P 0 L 0 0 0 0 o o Wy,
, 4FY J , 0 0 0 0 0 0 00y \ W )

5.1 Ewaloation of &) = exp LF

We now turn to the evaluation of *il'[t}- The F' matrx for both UT1 and polar motion takes the
general form

A By By
0o o 0
F= 0 0 O (54)
0 0
where A, By, O, are sub-matrices. We want to evaluate:
e ]
expiF = ﬂ {65)
n={§ el
Theorem 1
n-1 n-1
An EAH—I—jBIc{ E ﬂﬂ_l_IBﬂg
§=0 §=0
F* = 0 LF'T 1] ] =i {ﬁﬁ_:l
0 0 O 0
0 0 0
This i tree for n=1. I now show that if il is true for n @ will also be true forn 4+ 1.
n-1 a1
AL AN AR + iG] AY AT B + B
j=i =0
FFl =1 (o i) i {&7)
] 0 gt 0
0 0 0



n n

Antl Z;AH_JEI{": ;A"_:'B‘G:I
= E)
l

=| 0 ot 0 (58]
0 0 H 0
] 0 0
which completes the proof.
From this it follows that
exptd Gamen(f) Gapges(t)
_| 0 exp il 0
exptb=1 0 expty 0 (69)
0 0 1]
where
L4l fn n—1 I
Camey(t) =3, =3 A" By (60)
a=1 = j=0

The hard part consists of evaluating this matrix funetion. It may happen that this can be evaluated
by apecial tricks which depend on the form of the matrices which make it up. This turns out to be
the case in most of what we do. However, there are also two general ways to evaluate it, to which

we turn now.

5.2 (Fyipe a8 an integral.

Consider the differential equation which defines exp tF :

%ap tF = Fexptl {61)

If wa look at the off-diagonal terma we get the following equations:

i
EG}Q&{L} = AlZape(t) + Bexp il (62)

where for simplicity I have neglected the subscripts on 8y and ) which has the formal solution:
t
Gagclta) =€ Ganclto) + [ B e dr (63)
tn

Since 7 4 pe(0) = 0, this can be simplified to yield:
i
Gaelt) = ] elt-TIA B ot gr (64)

fa

Note that I have used no special conditions on the matrices A, B, or . Hence, if we can evaluate
expid and exp tC’ then we can evaluate (7 4 ge(1).

&



5.3 Derivation of 7 45~ in terms of eigenvectors of A
Assume that the matrix A has a complete set of eigenvectora and eigenvalues:
Ay = daug {65)

Then we can decompose each of the columna of B into these eigenvectors. (Gathering all of the
eigenvectora of a common eigenvalue together, we decompose B into “eigen-matrices”
B = EE‘, {66)
ABH = AuBu

Consider a single term in the sum that defines 7 4 g

EA" v IEGI-EE s - X ol (67)

bow

n—1 n—1 G‘ I
;g.!-.ﬁ"'-'ﬂuﬂ' — amig, (E)

ki
1- (&)
= At lg, l—ﬁ (G8)
AR —m
= Ba A, —C
From this it follows that
G‘_E{-I{E} = g E‘,,J'u — [:a.pﬂ,n — axp i) {69)

5.4 Caleulation of Noise Covariance
We now turn to the caleunlation of the noise covarianes. The formula for this s

Confty — ) = fﬁ{:, — Qa7 [ty — 7) (70)

where {J ia a diagonal matrix [f our transition matrix has the general form given above, then the
integrand can be written as:

e’*@ue“’+§Gm,e,{ﬂ@,rs’:’;g,e, Gl e (BE™T G g, (Que™

£ 0y G g o (1) etC1 (T i 0 (1)
€% Oy Clipycy (1) 0 'R (ae T 0
0

where £}y is the diagonal part of {J resiricted io appropriate subspace.

10



6 Ewaluation of ®(1) for UT1.

We now explicitly evaluate the transition matrix for UT1. For this case we have:

= (00)
mo= (4

and I and K are the seasonal matrices. Wa also need the following identities:

A =0 j=2

AR, = 0
From which it follows that: )
e
EA"_'f_'EC'I =R n=1
f=0

Therefore the off-diagonal term involving B which appears in exp {F takes the form:

f= a3 Cﬂ—l
Gapc(t) = ZH‘L“ -

=1

-0
{m

E B!-n—1ﬂ_ !
el Tl

B{ﬂpiﬂ'—l}ﬂ'"
a_fo v Y1 —a o
': _(—b —u) _E(i: 0 )

-1 _ l —a -1
BET=310 o
Futting everything together we find:
4 BOG) (€904 — 1) BOgh (004 —1)
gt a i
0 etcius

where each blodk i 8 2x2 sub-matrix, and

A — ]. i

L TF - EIP[—%L]‘E {mm+m;];lni ( fﬁ'.ﬂ. ]__.?.A )}

Iote that

m

B(t) =

==

172)

(73)

1)

\78)

\78)

{77

(78)

(79)

|80)



6.0.1 Calenlation of Moise Covariance for UT1

The general form for the noise-covariance matrix was given above. In this section we evaluate it

for UT1. For UT1 the diagonal matrices all have the same form:

@y = diag(0, g) (81)
henee .
— {exp m-ﬁ: (expid)yy (expid)y

with a similar formmla for exp 804 Qg exp ), ete. Continuing with the diagonal terms, we
have

&
exptA apLAT=qu.( : : )

which can easily be integrated:
a e
fexpiA O exptaTe =g, ( i ) (83)
K3
The seasonal terms are somewhat more complicated:
. {.J.w.-}?
'™ Qe = gexp{—at) " {84)
{.l]:;m'] {:m-&wi _ %ll:;ﬂ} {m&uﬂ—%d:ﬂ]?

which integrates to:

L‘E{F{_ﬂﬂ(ninwr)’tdﬂ_ _ _-i 1 s 2 N _ g o8 2wt — Zurein 2uwd

1 2 an uI{ui-I—I-w"'j . ‘l’w‘{u2+1w5‘j
11, 2 _gp® 008 2urd — 2w ain 2ut
= TTaw® Tia TC Suth (83)
fexp{—n*r} ST o — ST L st — 1) (86)
0 ( T ) 2w 4 u?
O80T 4 1 1 e, 3, 2 _ 008 2wl + 2w ain 2ut
j:ap[—uw]{mnw—? ” dr = Tn T EoELE (du” +a")+ & T
1 b gedood2ud 4 Jurein 2wk
- - _ a7
9 Tutat " Au (87)
where [ have made repeated use of the identity
(4w + a?) = 4b. (58)

12



6.0.2 Ewaluation ufG'lg.;-lzt}QGim. for UUT1
The noise covariance matrix for UT1 has two terms of this form:

B (expiC — 1) 1@ [E{exp!ﬂ'— |}|:'-']T (89)
MNote that
Ay . 1 —a -1 0 0y1f —a b
e = 3(503") (0 0)i (20
_ g 10
- 5(3¢)

Combining thia with the explicit form of B above, we get:
7 q a (10
Gape QG po(t) = i [expiC — 1];, 0 0 {81)
The integral we need to evalnate is the term in square bracheta:

t
‘£ (I:Euau:r + —"mw yexp{—a/2) — 1) dr (92)
which [ evaluated using maple. The result, after simplification, is:

1 (du® — 11a%)
2 {o* + -I.I.r.l?]-u
“ral (= (dw” + a®)* + a* (cos 2ut) (—120” + a?) + wa (sin 2wt) (8w — Ga”))
H {u“ + duw?) au?
:m{ﬁmu{am wt) {a. — dn )+ Ao mawi}
I:u‘ - dwf} aw?

153)

+e

+
1 (4u? — 11a®)
7 (a? + dut)a
1 ( ahs a® (cos 2wt) (—12w* 4+ a”) 4 wa (sin 2wi) (Fuw? — Ei-u‘})

(84)

1
—tal
+e Bau?

4h

+e” %“m (2aw (sin wt) (a? — du?) + Ba’w? cos wi)

8.0.8 Ewaluation of G“_E{_{t}QEﬂrfﬂr TUT1
The noise covariance matrix for UT1 has two terms of this form:

—1)cigee” (95)

Using the explicit form of the matrices, we find

B(e€-1)0'@ = ‘T‘? [e"i' - 1]" ( 1!‘"’{'] 12 [Ew]n ) (66)

]
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The integral of the first term is:

j: ('[ECI-B: wT + %Binww )exp{—7a/2) - [) HPE—TEI;":E} (E'Inwﬂ.ll) i
e e
[N
4 {a* + v uta

—at {n. l[:u! — .Ewt) eos 2t — Jwa? gin Dt 4 u»{?u:t — ut}]
[se'ir" (sin wt) wa® — 2wa® sin wt — 8 {a'mm}w*) (67)

The aecond term is:

& 8in 1T

[1' ({mﬂ Tt %ahf}ﬂpi_mﬁ} - ]) (eoswr — 3 Jexp({—Ta/2)dr

1 e *(du? — a* — 2wasin 2wt + a® cos Pwt) + Be™ ¥y sin wt — du?

N H aw?

L'

|98)

6.1 Evaluation of &(t) = exptF for Polar Motion

We now turn to the evaluation of the transition matrix for polar motion. From above, this takes
the general form:

m

tA Fage(t) Games(f) Gapges(t)
1]

1] L Ll
exp il = D0 s b {89)
o0 0 gfta

Evaluation of GFap,c,(t) Since the matrix O is identically ®ero, it s straightforward to verify
that

f—1

':-"Elﬂ':[t'} = Z#Z’lﬂ_’--&lc{
g

n=1
> An-lgn

= By (100)
"Z_:I el

= [expid —1)4A" 'R,

Using the explicit form of 4 and B given above, we find:
. 1 -y - T T Y L
4 B_T‘+n“ ( T =7 eo—y V0 1 (101)

henes
c,.m{ﬂ=|:apu1—-}(;' 'i') (102)

14



Evaluation of &4g,0,(f) The other off diagonal term is mmch more difficult to evaluate. We
use the method of decomposition in terms of eigenvalues. The matrix A has two eigenvalues:
Ay = [—v +iz) with eigenvectors (1, +i):

Zo)()een(l) o

We decompose the matrix /By into eigen-matrices corresponding to the eigenvalues.

.B! = E++B-
_oa—iy 1 0 o+iy 1 0
= T2 (1‘ u)+ 3 (—i 0 (104)
From this it follows that
, 1 1
(= apgrslt) = El“l... — (exp AT — exp i) -I—B‘_‘L —5 {erp EAT — exp 0% ) (108)

For cur case we have A = .:l.;, and B = B Hence this equation can be re-written as:
Y : 1
Gdﬁ?ﬂ',{f-} = 2 Re .E.pm {E{'P IL:H.: - E{F-iclﬂ I:l.ﬂﬁ_:l

Evaluation of 7 5,0,(f) Sinece Oy is identically zero, the same considerations as above apply,
and we have

Gameslt] = (exptd— 114718,
= (exptd—1)47" (107)

whers I have naed the fact that My is =aro.
6.2 FEwvaluation of Noise Covariance for Polar Motion

The general form of the covariance matrix was given above. The diagonal matrix €} takes the form:

Q = d'iﬂ,'?{n u: ?y. ql.l: 1."|1 '9!1 ?!_q ?L} ':“]E'.:I

Since the first two elements are {0, the top corner of the noise covariance matrix is given by:

3
3 Gane, (001G ke, (109)
f=1
The first term in this 1=
Gamoy (O Ghpe, = (- 1}( 0 ? )(El ? )[EM Y o
= (e'”‘T+1 -za"!"'maa:]f (111)

15



This can be easily integrated to yield:

£[E"“+l—?e'"""mﬂ{nr]} T (112)
— gy —E, P | —
=E:+1 e +EE -:rcu&r:r!:l e Vramat — -y
-ir..:l. .r.l -I-E'i

Similarly, the last term in the top takes the form

Gﬂﬂtﬂiti}ﬂaﬁ'ia.ﬂ. = I:eu —]]A".[:AT}_]'{EHT_ 1)
= v+ [E'“"'+l—2a'“="’r:mu1}f (118)

which is identical to the previous term apart from a trivial scale factor. The second term in the
LT, Ggg,,j:[t}ﬂgﬂiarﬂ.!, ia rather complicated, and [ have not been able to find & closed form
for it.

Since (y = {4 = [ the second and fourth block diagonal terms are proportional to g, and gq
respectively, and integrate to ig, and tgy. The term e"j’t;lgeﬂg i8 identical to the “sessonal terms™
found in UT1

¥We now turn to the off diagonal terms. 'We start with the simplest terma, which am 7 45, ¢, {E}Q},e"ﬂ'
and a similar term with subscript “3%. The explicit form of the first of these is:

-—::m,ﬂa.{:;ﬁ-v( —cosal snot )+( I; “_l ) (114)

aim et ooa ol
with the following integrals

e Toeoaol 4+ e Tyainot — o

=

f e T gin (o) dr
i
e M~oosrt — e Tosingt —

‘,:E_TTL‘EB{E"T}JT = — (115)

.r:l_l_u-i‘

The contribution of this to the noise covariance can be evaluated completely.
The second term haa the form:

Gagyey(t) = (exptd — 1)47" (118)

which can be simplified.

T Appendix: Exponential of 2x2 Matrix

Consider a 2x2? real matrix A

A=(: ﬂ) (117)

D(t) = exptd (118)

[ am interested in finding

16



this can be decompaosed as follows

a+d a—d e+ b c—h

A = 7 I+ 5 i+ 5 s+ 5 Ty (119)

—_——
= Apf+ 4T l:l‘.EDJ

(it () (1) e

are the Pauli spin matrices, apart from labeling and factors of 4. Note that:

whers

Tli= T.f=f= —T; l:lﬂz_]
and that
Ty +Tihi=0 1% 3. [l'ﬂﬂ_]

For any two matrices 4 and B that commute we have exp{A+B) = exp Aexp B. Since | commutes
with everything, it follows that:

exptd = expt{Aol +AsT ) (124)
= exp :Mn-apiﬁ? (12a)
Hence we are left with evaluating:
—+—t §
exp AT = 3 A (126)
- F

Note that by equation [122) we have the following simple identity
(AT )= A? + A2 42 (127)

There are two possibilities, depending on whether the term on the right hand side (RHS) of
this equation ia positive or negative Suppose it is negative, so that we can write

w =y AL — A2 A2 (128)

then

(AT)" = (—1) ). (120)

Using this, it is straightforward to evaluate the exponential The sum naturally splits into & sum
over the even and odd terms. For the even terms:

S FN
SR 7 oY)

i

= ot I:l.aﬂ_:l

17



While for the odd sum we hawve:

(A7) O (BT
ET_L _ E _ E'IILDJLI'F?_'F
STHE) 5T w

Hence, combining our resulta, we have:

exp id = exptdy = (mau!: + ”'"“’tﬁ? ) .

wh

which, in terms of the original elements of the matrix 4 is:

+d inwi { a=d §
apm=-1rptl:ﬂ2 ]:-{(L‘mtnri+3“:: (4:! d—a ])

If, on the other hand, we assume that

AlrAl_Alzo
then we can define

and

AsT

axptd = expldy = (cc-ahwt +

ainh wif —— )
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(181)

(1342)

(133)

(134)

(135)

(138)



