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ABSTRACT

Aims. An alternative to the traditional method for modeling the kinematics of the Earth’s rotation is proposed. The purpose of
developing the new approach is to provide a self-consistent and simple description of the Earth’s rotation in a way that can be
estimated directly from observations without using intermediate quantities.

Methods. Instead of estimating the time series of pole coordinates, the UT1-TAI angles, their rates, and the daily offsets of nutation,
the method for estimating coefficients of the expansion of a small perturbational rotation vector into basis functions is proposed. The
resulting transformation from the terrestrial coordinate system to the celestial coordinate system is formulated as the product of the
a priori matrix of a finite rotation and an empirical vector of a residual perturbational rotation. In the framework of this approach,
the specific choice of the a priori matrix is irrelevant, provided the angles of the residual rotation are small enough to neglect their
squares. The coefficients of the expansion into the B-spline and Fourier bases, together with estimates of other nuisance parameters,
are evaluated directly from observations of time delay or time range in a single least square solution.

Results. This approach was successfully implemented in a computer program for processing VLBI observations. The dataset from
1984 through 2006 was analyzed. The new procedure adequately represents the Earth’s rotation, including slowly varying changes in
UT1-TAI and polar motion, the forced nutations, the free core nutation, and the high frequency variations of polar motion and UT1.
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1. Introduction

As we learn from an elementary physics course in high school,
the rotation of a rigid body can be represented by three angles.
Euler angles are usually selected as parameters, although it is not
the only choice. We can say that rotation of an arbitrary body is
defined if a functional dependence of Euler angles on time is
known.

However, when we are dealing with the Earth, the tradi-
tional way of representing the kinematics of the Earth’s rota-
tion is not as simple. In modern textbooks that follow the for-
malism of Newcomb-Andoyer, for instance Seidelmann (1992),
the Earth’s rotation is represented as the product of 9 matri-
ces that depend on many parameters. Analytical expressions are
provided for some of them, but other parameters are supposed
to be determined from observations. These parameters are de-
fined though intermediate quantities. These intermediate quanti-
ties, like the Earth’s rotation axis, the celestial ephemeris pole,
the true equinox of date, the non-rotating origin, and others, are
not objects that can be observed, but idealistic concepts that do
not have a clear, intuitive interpretation.

According to the traditional approach (e.g. McCarthy &
Petit 2004), in order to get the Earth’s orientation at any given
moment, one should first compute the values of intermediate pa-
rameters that have more than a thousand terms, then interpolate
tables of corrections produced by smoothing results of analysis
of observations, and finally compute the product of rotational
matrices that depend on these intermediate quantities.

* Table 3 is only available in in electronic form at
http://www.aanda.org
** On leave from NVI, Inc.

In this copy errors in equations 12, 13, 14, which are
present in the original paper, are corrected.

http://www.aanda.org

At first glance it seems that the complexity of represent-
ing the Earth’s rotation is unavoidable, since it should reflect
the complexity of a theory for modeling the Earth’s rotation at
the level of the accuracy of observations, i.e. on the order of
10719 rad!. This would be true if theoretical models were pre-
cise to that level. Roughly speaking, the Earth’s rotation can be
considered as consisting of two components, the tidally driven
component with precisely known frequencies and the compo-
nent driven by an exchange of the angular momentum between
the solid Earth and geophysical fluids. The latter component is
not predictable in principle. The atmosphere contributes to the
UTI at a level of 107 rad, more than three orders of magnitude
higher than the accuracy of observations. For a long period of
time, it was considered that the quasi-diurnal motion of the pole,
namely the precession and nutation, can be modeled with a pre-
cision comparable to the accuracy of observations. First results
of VLBI analysis presented by Herring et al. (1986) shattered
this belief. It was discovered that even the most advanced nuta-
tion theory of Wahr (1980) was not accurate enough. Numerous
attempts to build a theory of tidally driven quasi-diurnal mo-
tion were made, but they were not completely successful. In
order to reduce the disagreement between theories and obser-
vations, the authors had to resort to adjusting some parameters
of their theories to quantities derived from the same observa-
tions of the quasi-diurnal motion (Mathews et al. 1991, 2002;
Getino & Ferrandiz 2001). It was also soon realized that there are
two other constituents of the quasi-diurnal polar motion at the
level of 1 nanoradian: the free core nutation (Moritz 1987) and
the nutation excited by the atmosphere (Bizouard et al. 1998).

1 SI units are used throughout the paper. Conversion factors (o non-
standard units: 107 rad ~ 0.21 mas ~ 14 us.

http://dx.doi.org/10.1051/0004-6361:20065091
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Thes condgituentscurrently cannotbe predictedand, presim-
ably, they cannotbe predited in principle. Thereforeeven if
a precie theory of forced nutationis developedin the future,
one should apply parameers determined from observationsin
orderto repreent the quas-diurnalmotion.

Recognzing thatboth componensin the Earh rotation can-
not be predictedwith accurag comparableto the precison of
observations prompt usto reconsder approacheto repregnt
ing the Eart’s rotation and the role of the theory. The quas-
diurnal motion should be described with the use of parametrs
determined by coninuousobsgervationsin a similar way asthe
UT1 and Chandkr polar motion. The theoryof nutation should
be consderednot asa tool for data reducton or for predicting
the Earth’s orientation, but as a meansfor validating geophys$-
calmodek. At thesametime,atheoryof theEarth’srotation can
provide valuabke guidancefor building empirical mathematcal
modek.

The goals of this paper are to build such anenpirical math-
ematcal mode| to demongrate using alongdatset of observa
tions thatit is feasitbe, and to show that this approachdesciibes
the Earth rotation at leas aswell asthetraditionalway. It should
be notedthat an empirical mathematicamodelhasa di erent
meaningthanatheoreticamodel. Thetheoreticaimodelrelates
afunction of time that descibesthe Earth rotation with speci ¢
propertes of the Earth’s bodyin the form of a solution of the
equaton of dynamts Theempiicalmahematcalmodelrelates
this function of time to observations using a parameter estima-
tion techngue.A minimal requrementfor an empirical model
is to repregntthe phenomenavith the leas possible errorsfor
the entire interval of observationsandto provide egimates of
uncettainties. We will alsotry to satisfy two additional require-
ment. the model should be simple and the parameegrs of the
modelshould notbe strongly correlated. If parametr estimates
arestrongly correlated, their comparson with theoretcal predi-
tionsbecomegproblematic We will repregntthe Earthorienta-
tion parametess (EOP)in the form of an expansion over afamily
of bagsfuncions

The procedurefor developing an emprical model of the
Earth’s rotation is preentedin the red of the paper The choice
of the a priori modeland bass funcionsis de<ribedin Sect 2,
the proposd mahematcal modek is desribedin Sect 3, the
strategy of anaysis of the 22 yearlong datset of VLBI obser-
vations is presetted in Sect. 4, and the resuts of sdutions are
discussed in Sect 5. Concluding remarksare given in Sect 6.

2. Choice of the a priori model and the basis
functions

2.1. Model of observations

We consder herethat N stationsobsrve K celedia phydcal
bodies It is assumedthat eachstation is associatedwith a ref-
erencepoint. In the ca® of VLBI antennaswith intersecing
axes, this is the intersection point of the axes. Obsewing sta-
tionsreceve electromagneticadiationemitted by celesial bod-
ies and eachsample of the receved signal is associated with
atime stamp from alocalfrequeng standardsynchronzedwith
the GPStime. Analyss of voltage andtime stampsof receved
radiation eventualy allows usto derive phobn propagabntime
from referencepoints of observed bodiesto referencepoints of
observing stations Thes distancesdependon the relative pos-
tionsof stationswith repectto the obsrved bodies Theinstan-
taneouscoordnat vecbor of station i, ri(t), at a given moment
of time is represerted asthe sum of a rotation and trarslation
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Fig. 1. The polyhedon of obseving stations(black)and the polyhedion
of obseved bodies(grey). Therelative orientation of two polyhedionsis
estmated from obsevations of projecionsof vecors betweenobsev-
ing stationsandobseved bodiesandintempreted asthe Earth’s rotation.

applied to avector ri(tp) at initial epoch ty as

ri(®) = M (@) ri(to) + T(t) + di(t) D

whereM is the rotation matrix, T(t) is the trarslational motion
of the network of stations and d(t) is a displacementvector
Equatonsof phoon propagaion tie the indantaneous/ecbor of
site coordnates r;(t) with vecors of obsrved phydcal bodies
and their time derivatives.Theserelationships allow us to build
a systemof equations of conditions. Station position vectas at
a given epoch and the quantities on the right-hand side of ex-
presion 1 are edimatedfrom asingle leas squaresolution.
The displacementvector di(t) characterizeghe motion of
anindividual station, while matrix M andvectorT desribethe
motion of the ertire network. Assuming the stations are solidly
connectedto the Earth’s crust, we consider that this part of mo-
tion represerts the motion of the ertire Earth. In particular, ma-

trix M (t) descibesthe Earth’s rotation. Sctematically, the me-
chanicalmodelof ob=ervations canbe viewed asthe motion of
the polyhedronof observing stationswith regectto the polyhe-
dronof observed bodies(Fig. 1). It should be notedthatthe EOP
arede ned here as the parameters of anestimation model, while
in the framework of the traditionalapproachthey are de nedas
angksbetveenbig circlesonasphere.

Since both M (t) and vecbor d(t) are functionsof time, i.e.
in n ite setsof points, they can be evaluated from a n ite set
of observationsonly in the form of anexpanson in somefunc-

tions. When we say thatthe matrix M (t) is determinedfrom ob-
servations this should not be undestoodliterally, but insteadit
should be condruedthata mahematcal modelfor the depen-
denceof M (t) on timeis assumed, eitherexplicitly or implicitly .
The model dependn a nite set of unknovn parametrs that
aredeterminedrom ob=ervations

The choice of the mathematcal modelis not unique. On
one hand,the mathemaical model should approximat the ro-
tation with errors comparable to uncetainties of observations
during the full interval of observations On the other hand,we
should be able to estimate robugly all the paramedrs of the
model Let us consder several approaches
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2.2. The time series approach

The easiestway to represen a rotation is to estimate the ma-
trix M (t) at certaingamomentof time and,thus generatéhetime

saies. The 3 x 3 matrix M has9 elemens, but only threeof
themarelinearly independentAn arbitrary rotationmatrix can
bedecomposdin aproductof severalelemenéry rotation matri-
ceswith repectto coordinateaxesat certainangles Therefore,
it is su cientto determinethes rotationanglesin orderto de-

temmine the matrix M (t) from observations

The fundamenrdl problemis that no observation techngue,
except the laser gyroope,is senstive to the indantaneous
Earth’s rotation vecta or to its time derivativesdirectly. Thero-
tation angles can be derived using the leastsguare estimation
proceduretogeterwith evaluaing other parametrs. It requires
accumulatingu cientamountof da&in orderto separag vari-
ables. The estimates of the Earth’s rotation angles cannotbe
sanpledtoo fast. A typical sanpling rateof estimatesis one day,
since this allows compersatian for a cettain type of systematic
error. In some cagsthe samplingratecanbereducedo several
hours

Unfortunaely, onecannotneglectchangesn the Earh’sro-
tation anglesduringthe sampling intenal. The accurag in de-
termining rotation anglesfor the 24-hperiod is nowadaysat the
level of 2S5 x 10°19 rad. Theamplitudeof the quas-diurnal mo-
tion aroundaxes1 and 2 is growing with arate thatis an order
of magntudeof 7 x 10°*? rads>'. Thereforethis motion should

rst beseparaed from theslowly varying componens. In theera

of optical agromety, somecomponers of this motion, namey
precesion and nutation, were deermined separatly from ob-
servationsof slowly varying componergusingadi erenttech-
nigueandevendi erentingrumens. Theobservationsof slowly
varying constituertsin the Earth’srotation angleswere corrected
with a modelof the quas-diurnal motion. Herring et al. (1986)
have demonsrated that correctonsto the model of the quas-
diurnal motion aroundaxes 1 and 2 canbe edimated togeher
with slowly varying componens of the Eart rotation, if the ro-
tation anglesaroundcoordinat axesA;(t) are parametrizedin
the form

Au(t) = by(t) + by(t)(t Sto) + c(t) cosS it + (t) sinS
Ao(t) = b(t) + ba(t)(t Sto) + c(t) sinS 1t S §(t) cosS it
Ag(t) = ba(t) + bs(t)(t S to) 2

where , is the nominal diurnal Earth's rotation rate,
7.292115146706707 x 10 rads>!. Parameters(t), s(t), bi(t)
aredowly varying functionsof time. This approachquickly be-
cametraditional for procesing VLBI experimens, and eight
paramedrs, by, by, bs, by, by, bs, ¢, sareroutinelydeterminedor
eachindividual 24 h observingsession.

2.3. Limitations of the time series approach

However, it is importart to realizethe limitations of the time se-
riesapproachFirst, theraw time seriesof estimatesprovidesthe
valuesof rotation anglesonly at speci c discretemomens. They
do notdeermine a functionaldependencef rotaton angleson
time. An end user needsto have a tool for compuing Earth’'s
orientation at any moment of time within the interval of obser-
vations Thus the raw time series are the bads for the second
step of procesing that involves smoothing and interpoltion.
Smoothingandinterpohtion of thetime series ¢, S, b1k, bk, bak
implicitly assumesthat Ai(t) satis es somemathemaical model
thatappearso bedi erentfromthemodelin expresion(2) used
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in the estimation processTheresuting smooth function of rota-
tion anglesdoesnotprovidethebeg tto observations if it did,
no smoothing would have beenneeded.

Second,at the present level for accurag of observations
the estimation model correponding to Egs (2) is not ade-
quae: one cannotneglect changesn c(t), s(t) and bi(t) over
the interval of estimation, typicaly 24 hours Adjusting time
derivativesc(t), s(t), bj(t) makesedimatesof thes parameterso
strongly correlated thatthey do nothave a pracicalvalue.

Changesntheapriori modelfor slowly varying componensg
of rotation anglesa ectall estimatedparametersncludingc(t)
ands(t). In orderto demonsrate this, two VLBI solutionsusng
3563 twenty four hour observing sessions from 1984 through
2006were compued.The USNO Finals EOP time series of pole
coordnatkes and UT1-TAI with atime spanof 1 day (Dick &
Richter 2004¥ were used asthe a priori modelin thereference
solution. The Gausiannoise with standarddeviation 1 nradwas
addedto all componerd of the USNO Finals EOP series, and
thesemodi ed time series were usedin the trial solution. The
rmsof di erencesn the total values of b(t), c(t), s(t), i.e., the
sum of apriori valuesandadjugments over the 24 h time inter-
vals, was0.14nradfor b(t) and 0.16nradfor c(t) and s(t). Since
the accurayg of edimatesof b(t), c(t), s(t) from 24 h VLBI ex-
perimentsis currently at a 0.3 nrad level, the accurag of the
a priori EOP seriesshould be better than1 nradin orderto re-
duce the contribution its erors to a negligible level: 1/2 of the
randomerrorin estimates In a smilar way, the changein the
apriori modelfor the quas-diurnalmotion alsoa ectsestimates
of c(t), s(t) and b;(t). Althoughone can expectthat a continu-
ousproces or re ning the a priori modeland subsquenteas
squareedimation should converge, thisdoesnothapperin prac-
tice. It is known amonganaly$swhoprocesraw datathat,if the
initial apriori valuesare changed, the total argles,i.e.the sum of
the apriori andthe adjugments, comeoutdi erent.Researchers
who proces time seriesare notalways awareof thes complica-
tionsandtendto condderthe reailts of procesing the sameob-
servationsby di erentanalydsasindependeridata”, so they at-
tributethedi erencedetweerthemto so-called“analys noise”.
The® discrepancie®ccurdueto anintemal inconsistercy be-
tweenthe estimation model, the a priori model, and the post-
procesing procedure.

Third, the secondstepin the analysis, smoothing andinter-
polation, is rather subjecive. A di erentdegree of smooting
producesadi erentseries

Finally, the time series cannotbe used direcly for making
aninferenceaboutthe phydcal procesesthata ectthe Earth’s
rotation. Thetime seriesare transformed by variousaralysis pro-
ceduresThedependencef the serieson the apriori modeland
the correlations betweenthe elements of time series are usually
ignored.The correktions betwveenthe elemens are not zero,
becaus the elementsthemelves were estimatedtogetherwith
otherparameerslike globalsite velocity or sourcepostionsthat
are condderedcommonfor the entire interval of ob=ervations
Althoughthes correlationsare not strong, typicaly at a level
of 0.1,their contribution issigni cantwhenlongtime series are
procesed.

Due to the complexity of the a priori model, analysts who
proces the time series of estimatesusualy do not handk the
total angles of the Earth’'s rotation, but rather adjustmerts to
the apriori values,tacitly assuming that analysts who processed
the raw data strictly followed a standardzedprocedurdor da&a

2 Available on the Internet at ftp://maia.usno.navy.mil/ser7 /
finals.all
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Fig.2. The logaithm of the powver spectum of the tide genemating
potenial in kg® m* s asafuncion of theangubr frequeng.

reduction. In reality this is oftennot the caseThis createsanad
ditionalsourceof confuson and errors

Thes complicaionspromptusto look for aone-sep proce-
dure of estimation of the Earth’s oriertation parameters.

3. Representation of the Earth rotation in the form
of the expansion into basis functions

While Egs. (2) represent rotation angleswithin a short period
of time, 24 h, they arenot adequag for alongerperiod of time.
Weneedto nd amathematicanodelwhichwould be valid for
the entire period of obsernvtions i.e. severaldecadesThe ma-

trix M 4 hasa non-ineardependencen its argumens. A linear
edimator, theleas squaremetod,allows usto evaluak notthe
matrix itself, but its small perturbation. The coordinate transfor-
mation of avecta r from theterredrial coordnate systemto the
celestialcoordinate systemis thenwritten as

e =Ma(O)r: + Qe(t) + Ga(t) x 1+ ®3)

wherer_ andr, desgnae the coordinaies of thevecbr r in the
celegial and terregrial coordinatesystems regectively, ge(t) is
the vecbr of a smal perurbatonalrotaton, g,(t) is the small
a priori rotaton vecor in the terregrial coordhat system,

andM ,(t) isthe a priori matrix of nite rotation. Vecors ge(t)
and g,(t) are small in the sense that we canneglect squaresof
their componens. Thevecbr ga(t) canbe set to zeroby an ap-

propriate choice of the matrix M ,(t). Conddering that the ac-
curag of determinatiorof rotationanglesaveragecover a24 h
period is currently atthe level of 3 x 10°1° rad,andtheaccurag
of estimatesof anplitudes of harmonic constituerts averaged
overtheperiodof 20 yearsis at thelevel of 105! rad,the com-
ponens of vecors ga(t), ge(t) should not exceed3 x 10°° rad.
It should be notedthat the® requirementson accurag of the
a priori modelare threeordersof magntudewealer thanthose
neededor an unbiasededimation of time series.

In orderto nd anappropréate bass for expanding of ge(t),
we needto use an a priori knowledgeof the proces undercon-
sideration. The Earth’s rotation can be considered in temms of
arepong to externalforces The external forcesthata ectro-
tation of the sdid Eatth are cawsedl) by redstribution of geo-
physcal uidsand 2) by tidal attracion of externalbodies The

rst proces is not predctable and is dominating at frequences
by modub muchless thanthe diurnalfrequeny . The tide-
generaing potenia exerted by external bodies can be consd-
eredto be known precigly. Its spectrumhas a comb of very
sharplinesasshownin Fig. 2.
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To characgrizethe Earh’'sreponse, we should take into ac-
countthatthe triaxiality of the Earth'sinertiatensor (B S A)/C
issmall, about2 x 10°°. Thereforethedi erental equatonsof
the Earth’s rotation are linear First, this leads to decaupling ro-
tation aroundthe axes 1 and2, i.e.thepolarmotion,androtation
aroundthe axis 3, the diurnal motion. Second,the reppong to
harmone externalforceswill result in harmonc variationsof the
componeng of ge with the sameamplitudeascomponent with
the phaseshiftedby S/ 2. Third, the excitation at thediurnalfre-
quency will resut in the appeamanceof crosstemmst sinS ,and
tcosS , (Moritz 1987).

Considering thesefactas, the following mathematicalmodel
for thethe vecor of asmall perurbatonalrotaton is proposd:

nS1 N
fu BR(t) + Picos mt + Pjsin jt
k=1Sm j
+1(SCcosS .t + SSsinS i)
nS1 N
Qe(t) = ) fa BR(t) + Pisin jt S Pjcos jt 4)
k=18m j=1
+1(SsinS 1t S SScosS i)
nS1 N
fa BR(t) + Ejcos jt+Ejsin jt
k=1Sm =1

where BJ(t) is the B-spline function of degree m detr-
mined a a sequence of knots tigm, togm, ..., to, t1, ... tk;

j are the frequences of external forces the coe -
cientsfi, P]?, Pf, S¢, S5, El9, EJ.S; aretheparametersf theexpan-
sion, isthenominal frequeng of theEarh’srotaton.Heren
is the dimersion of the B-spline basisand N is the dimension of
the Fourier bags. Thus the vecor of small perturbaionalrota-
tion is expandednto the bass of B-splines which is orthogo-
nal over the enire period of observations and the bads of har
monic funcions which is orthogonalin the range(S ,+ ).
The rst bads approxmats the slowly varying componentn
the Earth’s rotation, the secondbass approximaies the quas-
diurnalcomponentas well as other harmoniccongituentsof the
Earth’srotation.

3.1. The B-spline basis

TheB-splinebassfunctonswere rstintroducedoy Schénbeg
(1946).The B-spline function of degree m depend®ntime and
on a monobnicaly nondecredsg sequenceof n knots at the
interval [t, tn]. In orderto introducesplines let us extend this
sequenceby addingm elemens atthe beginning of the sequence
andm S 1 elemens at the endof the sequencesuchthatt;gy, =
gn= ...=lh=1 andtn:tntlztmz = .. .V: th+ms1. At agiven
extendedsequencef n+2mS1 knots, n+mS1 B-splinefuncions
with the pivotelementkk 1Sm,2Sm,...nS1 aede ned
througharecursve relationship.
The B-spline of the Oth degree with the pivot knot k

[1, nS1] on the knots sequence(ty, tp, ..., ty), such that

th b tk, is determinecby
oy - Loift [t tier)
Be() = 0, othervise. )

The B-spline of the mth degree with the pivot knot
k [L S mnS 1] on the extended sequenceof knots



L. Petrov: Theemprical Earth rotation modelfrom VLBI obsevations

A R R R S . [ S B B R B A
_10 -
~ [
s -15 I 1
g 20
o
o0
_25 -
—9x10™° —8x10™° -7x107° -6x10"° -5x107°
rad s~

Fig.3. The logaithm of the power spectum of quasidiurnal vari-
ations in g;,q, componerg of the rotation vecor accoding to the
REN—-2000expanson in rad® asafuncion of theanguhr frequeng.

(tazm, 128m, - - - thems2, thems1) IS expressedvia the B-splinesof
the mS1th degreeas

étk tétk+m+1

tkem é tk

BI(t) = BISY(t) + BISL(). 6)

tir1 S terme1
Computation of B-splinesis assimple ascomputation of other
polynomials. Similar simple recursve relatonships exist for
derivatives of B-splines ard integrals. The B-spline of de-
greem with the pivot elementk is non-zeroonly at the inter-
va (ty, tkem+1)- It canbe proved thata sequenceof n+ mS 1
B-spline funcionsof degreem with pivot elementsk 1S m,
2Sm,...,nS 1 formsabagsontheinterva [ty, tn]. The proof
of this and mary other useful thearems relatedto B-splinescan
befoundin Nirnbeger(1989).

In general knots canbe selecied arbitrarily. Ted runshave
shown that a se of B-spline funcions of the 3rd degreewith
equidistantknotswith atime spanof 3 daysfor componeng1, 2,
andl dayfor componen8 of thevecbr ge(t) adequatly repre-
sentstheslowly varying componenbf the Earth’srotation. Weak
congraintson valuesof B-splines,its r stand secand derivatives
canbe imposedto ensure the stallity of the solution at intervals
with consderabk gapsin obsnationsandat the beginningand
the end of the data set

3.2. The Fourier basis

Modeling the quas-diurnal componerg is more chalenging.
The tides exerted by the Moon and the Sun cau® variations
in sea currentsand the sea surfaceat tidal frequenciesThes
variationsexcite changesn all componerd of the Earth’s rota-
tion. Thereonancenearthe retrogradediurnalfrequeny causs
a signi cantampli caion at that frequeng band for compo-
nens 1 and 2 of the vecor ge(t). The theoreticalspectrumof
this motion referredto as nutaton compued by Souchay &
Kinodhita (1996,1997)and Souchayet a. (1999)for the model
of the rigid Earh, the REN-2000 expanson, is pregnid in
Fig. 3.

Theproblemis thatthespectrumis very dens, and obernea
tionsduring a nite period of time cannotreslve al the con-
gtituents The REN—-2000 spectrum has 560 congituentswith
amplitudesgreaterthan 105! rad and 1551 congituentswith
amplitudeggreaterthan10°22 rad with the frequency di erence
betweersome of themaslow as 10°%° rads™L.

Several strategies canbe usedfor overcoming this problem.
First, we canselectfrequencies with maximal amplitudes from
thetheoreticabpectrumandignorecondituentswith anangular
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frequeny separationlesthan min = 2/ T, where T isthe
interval of observations No signal will be mismodekd if the
frequency separation betweerthe congtituerts min, SNce
in this cas thetwo condituentswill beindistinguishable.
However, if the congtituerts are not very close, the mismod-
eledsignal will leakinto adustments at other frequencies. The
sidelobe with the amplitude A, andfrequeny » of the main
congtituert with the frequency 1 canbe omitted if the quan-

tity Ap—2> _
min

thethredoldlevel, thereareseveralhundredcongituentsin the
tidal spectum for which this condition is not valid.

One way to mitigatethis problemis to estimate the anpli-
tude of close sidelobes togeher with the amplitude of main
constituerts, and to impose strong constraints on the anplitude
of sidelobesby using some a priori informaton. It is plausble
to assume that the a posteriori amplitudes of constituerts of the
quasi-diurnalmotion for therealEatthdi erfromthetheoretical
anplitudes computedfor therigid Earth by multiplicativefactas
caled trander funcion,which isasmooth funcion of frequeny
accordingto theory Thenwe canasumethatthetrander func-
tion for two closeconstituerts with thearetical anplitudes P be
the same, i.e. the ratio of complex amplitudes A of two close
congtituertsis thesame as for the apriori rigid Earth amplitudes,
and,therefore should satisfy this equaton:

! is less than a certin threshold. Depending on

Pi+iP) _ AT+IA
PS+iPs  AS+IAS

)

Althoughthis approactreduceghe leakagdrom a mismodekd

signal it is not fully satisfacory. In general usng strong con-
straints is undesrable, sincethis introducesa bias in estimates

Thevalidity of Eq. (7) cannotbe con rmedor refuted from ob-

sewations. It comesfrom atheary. But if the estimation model

implicitly incorporatesthearetical assunptions, strictly speak

ing the egimates cannotbe used for validation of the theory,

AlthoughEg. (7) for EOP variatonscau®d by thetidal poten-
tial exertedby external bodieshasa soundtheoretcal bass, we

should bearin mind that the ultimate goal of comparingtheo-
retical predctions with observations is to check the validity of

asumptionsbuilt into the foundaton of thetheoryandto make

ajudgmentvhetherthe modeliscompleteor not. If thereareun-

accountedadditive condituentsat thes frequenciesfor exam-
ple,caud by thefreemotion, by theatmogpheric,or by oceanic
excitation, the Eq. (7) may notbevalid.

An alternaiveto condraining sidelobesis the strategy of es
timating a wide range of constituerts that are multiplesof  min
or, in other words indirecly performing the discrete Fourier
trangorm of the perurbatonalrotation. With this approachin
general we are in a position to discad our a priori knowledge
aboutthe frequeng structure of the signal Edimating the sig-
nal at discretefrequenciesthat are multiples of in, from the
zerofrequeng throughthe Nyquist frequeng, recoversary sig-
nal accordingto the sampling theorem.However, this kind of
approachappled to estimating the vecbor ge(t) hasa practical
value only if the numberof non-ngligible congituentsin the
discrete spectium is signi cantly lessthan the total number of
samples. Sincethespectrumof thetide-generang potenial con-
sists of a set of discrek frequencés thatare not commenarae
to eachother, the frequenciesthat are multiplesof nin cannot
coincide with all tidal frequencies.If the amplitude of a namrow-
bandharmonc signalis notedimated atits frequeng, but esti-
mated at a setof neaby frequenciesthat are multiplesof min,
the signal will be recovered only partidly. The wider the
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rangeof frequences, the betier the approximaiton. The rate of
cornvergencedependn the amplitudeof the signaland the dif-
ferencebetweenits frequeng andthe closest frequeny used for
edimation. Selecion of rea®nably gooda priori g,(t) values
may signi canty reducethe numberof frequencés neededor
edimationto reacha givenlevel of accurag of approximation.

Other important constituerts of the signal at the retrograde
diurnalbandare the free neardiurnalwobble (Moritz 1987)and
the atmosphertc nutatons(Bizouardetal. 1998;Y seboodtet al.
2002). Since this signal is excited by a broad-bandstochasic
process,it is expectedthat thesecongtituens in the Earth’s ro-
tation are also relatively broad-bandTo modelthis signal the
congtituerts at frequencies within the range of that band need
to be added to the list of congtituerts at tidal frequencies. It
follows from the sampling theoremof Kotelnikov (1933)that
a bandlimited signal with frequences in therangeof [ |, 1]
is completely recosered when the estimatesof the sine and co-
sineampitudesof thespectrumare madeatdiscrete frequences
[ 0+ mine 12 miny oo 1+ (NS1) min, 1l

The tidal spectium aso hasconstituerts with low frequen-
cies so-calledzonaltides They a ectcomponen8in thevecor
of the perturbationalrotation. Their contribution dominatesthe
rate of changedor this componentlt would be desrable to edi-
mate the complex anmplitude of this variations. Since the resid
ual rate of changeof g is a facor of 3—10less, congraints on
arate of changefor theresdualcomponenbf ge, modeled with
an expanson over the B-spline bads canbe set strongerwith-
outintroducing a biasin the estimates This improves the solu-
tion stahlity during intervals of time with gaps in observations.
For the sanereasa, it would be desirable to estinatevariations
in componerg 1 and2 of the Earth's rotation vecbr at the an-
nual and Chandker frequences: 1.990968x 10° and 1.678 x
10°" rads™, repectiely.

3.3. Decorrelation constraints

It should be notedthat the estimatesof harmoniccongituents
with lower periodsthanthe time spanbetweennodesof B-spline
will sohighly correlate with B-spline coe cientsthatthe sys-
tem of equatonswill be very close to singular. Decorreétion
congraints on coe cientsof the B-spline should be imposd
in orderto overcomethis problem.We requre that the product
of expangon over badc B-spline and Fourier funcionsfor the
jth frequeng be zeroover theinterval of obsnations

t

n31 N
fu Bg(t) - Pfcos jt dt=0
p  k=18m =1 ®)
b ong1 N
fi Bkm(t) . P(j: sin jt dt=0.
f k=1Sm j=1

This is reducedto
+
fc Bg(f)cos jtdt=0
k=1Sm 3
nS1 +
fi  BR(t)sin jtdt=0.
k=1Sm 3

n31

9)

Thus two congraintequationdor eachfrequeng are to beim-

posd. The Fourier integral of a B-spline of the mth degreein
Eq.(9) onaknotssequencéty, tx+1, . . ., tn) with the pivotknotk
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suchthatk Sm  nS 1 isexpresed throughthe Fourier integral
of aB-spline of them S 1 th degree:

+

FI( )= B 'di=35" Bty e “SBIt)e b

S

im < .
+— _ Fmsl +———F™1( ). (10
(tk+mStk) k ( (tk+lStk+m+1) kel ( ) ( )

TheFourier integral of a B-spline of the Oth degreeon the same
sequencdty, tk+1, - . ., tn) with the pivot knoti is
) i L
FO( )= BYt)€ 'dt=— ¢ “Sd %,
S

11)

4. Analysis of VLBI obser vations
4.1. The VLBI dataset

A set of edimates of group delays at frequeny bandscen-
tered around 2.2 and 8.6 GHz from January 1984 through
January2006was used to validate the propogdapproacheshe
Internaional VLBI Service for Geodey and Astromety (IVS)
(Vandenbeg 1999) provides online acces to the collection of
all observationsmadein the geodetc mode undervarious as
trometic and geodynants programsfrom 1979 through now
at http://ivscc.gs  fc. nasa.gov. The VLBI data set shows
a subdantia spaial and time inhomogendy. Typicaly, obser-
vations are madein sesions with a duraton of about 24 h.
Observationswere sporadt in the early 80s butin January1984
a regular VLBI campagn for the determinaion of the Earh
orientationparametersstarted rst with 5-day intervals, from
May 1993with weekly intervals, andfrom 1997twice a week.
In addition to these observations, various other observing cam
paigns were running. On average,150 sessions per year have
beenobserved since 1984.

During that period 153 statonsparicipatedin observations
althougha majority of them observed only during short cam-
paigns Theobservationsat stationsthat paricipatedin less than
20000 ob=ervations and the stations that only participated in
at regional networks with sizesof 2000km andless weredis-
carded.Forty four staons remaned. Observations of sources
that were observed in less than 4 sessions and gave less than
64 usable pairs of duatbandgroupdelays were excluded.The
data beforeJanuary1984were also discarded.In total, 5% of
the observations were excluded,and the remaning data from
3563sessionsbetwveendanuary1984to Augug 2006,morethan
4.6 millio n of dual-band pairs of group delays, were usedin the
analyss.

Thenumberof participatingstationsin eachindividual ses
sion variesfrom 2 to 20, although4—7is a typical number No
statin participatedin all sessias, but every station participated
in sessians with many di erentnetworks. All networks have
commonnodesand, aretherefore tied togeter. Networks vary
signi cantly, but morethan70% of themhave a size exceeding
the Earth’s radius.

4.2. Theoretical model

The stateof the art thearetical models were used for computing
the theoreticatime delay andits partial derivatives The proce-
durein generalfollows the approachpresntedby Sovers et al.
(1998) with some minor re nemens. The expression for time
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Table 2. The weighted root meansquaes of thedi erencesetweenesimatesof the Earth rotation model from analysis of VLBI obserations
andthe USNO Finals EOP model for the period of [19960, 20060]. The statistics in rows 1 and2 comespondto solution B, which follows the
proposedapproachThestatisticsn row 3 correspondo sdution gsf2006c¢,which follows thetraditionalapproach.

Sdution % % s 0 0% s

ERM all 0.79x 10%%rad 0.99x 10¥rad 0.64x 10%rad  0.78x 10°“rads®® 1.16x 105 rads™  0.92 x 1051 rads™!
ERMexp  058x 10°rad 069x 10®°rad 052x 10¥rad  0.77x 10°*rads®® 1.15x 10°*rads®® 0.81x 10°rads™
gs006c  055x 10%°rad 057x 10°rad 042x 10°rad  1.89x 10°*rads®® 2.00x 10°*rads®? 152 x 10°* rads™

Fig. 4. The componentl of the residual perturbational vecor with re-
spect to the Earth rotation USNO Finals EOP model.

where S( n+ 201+ o1) x 864002 , and parame-
ters Eo, E1, B2, ELES, i, , . oo n2Z arefromexpres
sions13.Thecoe ciertsof theinterpolation spline for g were
computed.Thes coe cierts form the USNO Earth rotation
modelas a coninuousfuncton of time. Sincethe GPS reaults
almod enirely dominate componerg 1 and?2 of the Earh rota-
tion vecor from thatmodel they canbeconsderedindependent
from ouranalsis of VLBI observations

Thedi erencegor componentl betweenthe USNO model
and our resuts from solution B after removal the contribution
of harmon¢ variationswith periodsless than 2 daysare shown
in Fig. 4. No patern of systematc di erencess revealed.The
statisticsof these di erencedor al three componens of the
small vecta of the Earth rotation and theirtime derivativescom-
puted at the equidistant grid with time interva 2.5 h are pre-
sertedin the 1strow of Takle 2.

SincetheVLBI observationsarenotcarriedoutconinuousy
dueto budgetlimitations the accurag of the Earth orientation
modelis the highes within aninterval of observationsandthe
lowest at momens of time whentherewere no obervations In
theframework of thetraditionalapproachthe EOP are edimated
on momens of time in the middle of a 24 h observing session.
The statisticsof the di erence®f the EOP seriesfrom analyss
of VLBI observationsgs2006¢ for momerts in the middle of
14260b<ervingsessionsareshown in the 3rd row of Table 2. For
comparison, the EOP were computed from resuts of sdution B
atexactly the same epochs, and thesestatisticsof thedi erences
with regectto the USNO modelare preentd in the2ndrow of
this table.

Analysis of statisticsshows that the di erencesn compo-
nentsl and 2 of the Earth’s orientationaccordingto the pro-
posd and traditional approacheglo not exceed20%. At the
sametime the propo®d approachygives the edimatesof all the
componergof the Earth’s angular velocity vecbor by afacor of
1.5-2.0closer to the GPS reaults thanthe estimatesproducedn

3 Available on the Web at

http://vibi.gsfc.nasa.gov/s oluti ons/ 2006c

Fig. 5. Thetime series of the estimates of the daily 0 ses of nutatonin
obliquity when the empirical Earth rotation model from solution B was
used asthe a piori. The wrms is 3.9 x 10°%° rad

Fig. 6. The time series of the estimates of the daily o ses of nutation
in obliquity when the MHB2000 nutation expanson was usedasthe
amiori. The wmsis 98 x 10°1° rad

the framework of the traditionalapproach According to thetra-
ditional approach the EOP ratesand nutation daily o ses are
computedfor eachsession independentlywhich makes them
less stable. With the proposdapproachat agiven epochseveral
experimentscontribute to egimatesof EOP rate, which makes
themmorerobust.

Analysis of the di erencesn ampitudesof the harmone¢
termsof componend 1 and?2 of the vecbr of perurbatonalro-
tation at the retrograde diurnal band with respect to the sem-
emprical MHB2000expanson (Mathews et a. 2002),showed
they canreach0.2 nrad for some terms Detailed analyss of
thesedi erencess beyond the scopeof the present paper In
orderto teg realts, theemprical Earth rotation modelfrom so-
lution B was usedas the a priori for the solution that estimated
the time series of daily o set to nutations The weighted root
meansquareof thedi erencegor theperiodof [1996.0,2006.0]
is 0.39 nradwhenresuts of sdution B were usedasthe a priori,
and0.98nradwhentheMHB2000was used. Thedaily o setsto
nutationin obliquity  (t) with reectto both modekareshown
in Figs 5-6.



368

Fig. 7. The power spectum of the estmatesof the quastdiurnal varia-
tionsof componerg 1 and?2 of the perturbational vecoor of the Earth’'s
rotation from solution A in the vicinity of the frequency of the near-
diumnal free wobble. The estimate for the frequeny S$7.312026 x
105 rads™?, which comrespondgo thetidal frequeny 1, isnotshavn.

5.2. Harmonic components in the Earth’s rotation

Analysis of edimatesof the harmont componens showed ex-

cesive power nearthe frequeng of the neardiurnal retrograde
wobble, aswas expectd. The specrum turnedoutrather broad,
spaming arather wide band, and it partly overlapswith the tidal

frequeny $7.312026x 10°° rads>! that correpondsto the an-

nual retrogradenutation as shown in Fig. 7. It was found by

Herring etal. (1986)thatthe neardiurnalwobble cannotberep-
reentedby a purely harmont modelwith acondant ampitude.
This meanghatwhenthis componenbf the Earth’s rotation is

represeiedin the frequency domain, several constituertsin the

specrumwill correpondto it.

Analysis of therestts of the C family sdutionsrevealedser-
eralcongituentswith thenon-tidal signal. The spectrumof com-
ponens 1 and2 in the vicinity of the frequeny S2 ., i.e. the
K tide, turnedout rather broad.The excerptof the power spec-
trum producedrom estimatesof sine andcosne amplitudesof
the componend 1 and2 isshownin Fig. 8. Thissignalcannotbe
attributedto the spectralleaka@, sinceno excesive power was
foundin thevicinity of evenastrongertide at the M, frequeng.
A relatively broad-bandsignal in the vicinity of the S3 , fre-
queng, i.e. K3, wasfoundat the 3rd componenbf the rotation
vector The excerptof the power spectrumproducedfrom esti-
maies of sineandcosneampitudesof thecomponen8isshown
in Fig. 9. A wealer signalin the edimatescanals berevealed
in the vicinity of the S4 |, frequeng. A similar signal canbe
seenat progradefrequences in the vicinity Ky, Kz, K4 at com-
ponens 1 and2*.

Anotherpeculiarity of the spectrumare sharp peaksat fre-
quences +4/5 p, £6/5 , atalevel of 2—7 above the noise
level. No corvincing explanaton wasfound, but it is suspeced
thatthis signalin the edimatesmay be an artifactcausd by er-
rors in modeling by analogy with a detectian of a very strong
signal in estimatesof the hamonic constituerts of the pertur-
bational Earth’s rotation from GPS time series at frequencies
that are multiple to the diurnal frequency: Si, So, S3, S4, €c.,
repored by Rothacheret al. (2001).1t should be noted that no
non-fdal signalat Ss3, S4 frequenceés is seenfrom analysis of
VLBI groupdelays.

Solution D did not reveal other missed harmont signak in
the diurnalband.

4 SincecomponenB wasconsiered asa realval ue processjts spec-
tral power at negative frequencesisthesameasat postive frequences.
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Fig. 8. The power spectum of the esimatesof the quastdiurnal varia-
tionsof componerg 1 and2 of the perturbational vecbor of the Earth’s
rotation from solution C in the vicinity of the SK, frequeng. The es-
timate for the frequeny $1.458423x 10° rads™, which comesponds
to the SK, isnot shawn.

Fig. 9. The portion of the power spectum of estimatesof the ter-diurnal
variations of componerg 1 and 2 of the petturbaional vecoor of the
Earth’s rotation vecbor in the ter-diurnal band. The broad peakis seen
nearthe SK; frequeng.

5.3. Error analysis

The formal uncertinties of the ampitudeson harmonts con-
stituents canbe evaluated on the basis of the signal-to-noisera-
tio of fringephags used for computng groupdelay by invoking
the law of errorpropagaiton. Thes uncersinties are in arange
of 5-12 prad. Analyss of the edimatesof the condituentsat
the frequeng bandswhere no tidal or no-tidal signal was de-
tectedprovidesa morereliablemeasire of noise in adjugments
It is 16 pradfor componens 1, 2 and 13 pradfor componen8
for thediurnalband;13 pradand10 pradfor these componens
at otherfrequeng bands This correpondsto displacementof
0.06-0.12mm at the Earth’s surface. Evaluationof the level
of systematc errorsis more problematc. The major possible
sourceof systematc errorsis consderedto be a resdual mo-
tion of theindividualstations In fact therotation of the station
polyhedronwas evaluated,and it was assumedthatthemotion of
this polyhedronis a repregntatve measire of the Earth’s rota-
tion. This assumption isvalid to the extert that resiclial horizon-
tal motion of individualobserving stationsis negligible. Petrov
& Ma (2003) egimated harmonicsite postion variationsand
found that the accurag of modelingthe horizontalmotion of
individual stationsis at the level of 0.4 mm. In the ca% of the
errors of modeling being completely uncorrelated this error will
be dilutedas N, , where Ng is the e ecive numberof
observing staons 10-44 dependng on how to de ne the
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e ecive numberof stations Unfortunatly, the distribution of
resdualmotionsof stationsat tidal frequences shows a pattern
of asystemaic behaior, which doesnot supportthe hypohess
of uncorreéted errors A conrvative egimate of the possible
contibution of theunmodeéd resdualmotion of thenetwork of
statimns to the estimatesof harmonic constituents of the pertur-
batonalrotation suggess a dilution facor of 2, i.e. the surface
displacements 0.2 mm. That meanssystemaic errorsmay be
two timesgreaerthanrandomerrors

Dehantetal. (2003)investigatedthe in uenceof systemaic
errorsdueto the neglectof the modelng sourcestructure. It was
suggesed to split the observed radio sourcesinto two classes,
“stable” and“ungable”, and either to remove ungable sources
from analysis or to estimate the time series of their positions.
In this papera di erentapproachwas used: propermotion of
those sourceghathadalongenoughistory of observationswas
edimated. This methodis suppo®dto reducesystemic errorsin
the estimatesof the harmonic congtituerts in the perturbational
rotation vecta.

6. Conclusion

It was demonsrated that the empirical Earth rotation model
canbe deermined direcly from observationsover a period of
22 yearsusing the leas sgquareegimaton techngue. The ad-
vantageof the propo®d approactis that a coninuousfunction
de<ribingthe Earth’s orientation is determinedin onestepwith-
outproduchgintermedatetime series. Thecongstency between
station postions sourcecoordnats, andtheemprical Earh ro-
tation model is automatcaly achieved. Another advantge of
the proposd approachs that a ssimpli ed a priori modelwith
only 31 numertcal parametrsissu cient, while the traditional
approacmeedsaacomplicatedapriori modelof precesion,nuta-
tion, high frequeng harmont variationsof the Earth’s rotation,
ard a lter ed and snoothed time series of the Earth oriertation
paramedrs producedn the previousanaysis, in total 46 000nu-
merical paramedrs (McCarthy & Petit 2004).

The traditional approachto deribing the Earth’s rotation
follows the formalism of either Newcomb and Andoyer or
Guinot (1979) and Capitaine et al. (1986), and involves such
notionsasthe celedia intermedate pole, the point of the ver
nal equinox,the non-rotting origin, the ecliptic, and otheraxes,
points, planesand circles on theceledial sphereTheadwantage
of the empirical Earth rotation model is that it is concepually
simpler, since it is built ertirely kinematically anddoesnot re-
quire introducton of intermedate points, axes planesthatare
notobsenable.

It was demonsratedthatthe empirical Earthrotationmodel
derived fromanalysisof VLBI obsrvationsgivesthedi erences
with regectto the EOP derived from analysis of independent
GPS observationsat momens of observation at the same level,
within 20%, asthedi erence®ftheVLBI EOPseriesproduced
with the traditional approach.The adwentage of the propo®d
approachis that the estimatesof the EOP ratesare a facta of
1.5-2.0closer to the GPS time series thanthe VLBI EOP rates
estimatedfollowing the traditional approach

Whenreallts of anaysis of observationsarecomparedvith
thearetical predctions, two approachescan be taken: a) the
paramedrs that desribe emprical data areformulated through
parametrs of the theoretcal modek; b) theoreical predictions
aretrangormedto aformthatcanbeunambguousy deermined
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from the observations Repregntaton of the Earth’s rotation in
theformof theexpansgoninto badsfunctionsegablishesafoun-
daton for the secondapproach.

Scienti ¢ interpretatian of the resuts of estimation of the
emprical Earh rotation modelwill begiven in the next paper
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Table 3. Numerical valuesof the a priori Earth rotation model paramegrsusedin data reducton.

Var Value Units Source

00 1.140216587056528 10°° rad  Simonetal. (1994)

o 3.542805701761738 10°12 rads® Simonetal. (1994)

02 1.47129160142547% 10°%° rads®® Simoneta. (1994)

o0 9.909515599113584 10°** rad  Simonetal. (1994)

oL 3.079019263961938 10°12 rads®® Simonetal. (1994)

02 S2.076601527511398 10°%° rads® Simoneta. (1994)
Z 1.140216587060518 10°° rad  Simonetal. (1994)
n 3.542805701761738 10°12 rads® Simonetal. (1994)
) 5.331975251279779 10°%° rads®® Simonetal. (1994)

00 0.409092629687089 ~  rad _ Simonetal. (1994)

oo S$7.19122319148166% 105 rads> Simonetal. (1994)

0z $7.399638794037328 10°%° rads? Simonetal. (1994)
So 1.753368559233960  rad _ Aoki (1982)

n 7.292115146706978 10>°  rads™  Aoki (1982)
p  S58.37786746775336% 10°  rad Souchay& Kinoshta (1996)
P2 $6.19337454238140% 10  rad Souchay& Kinoshta (1996)
e 4.473817016047498 10>  rad Souchay& Kinoshta (1996)
& 2.682642812740088 10°  rad Souchay& Kinoshta (1996)
1 2.182438855728973 rad Simonetal. (1994)

2 3506953516079786 rad _ Simonetal. (1994)

1 $1.069696206302008 10%®  rads™ Simoneta. (1994)

2 3.982127698995008 10'?7 rads>  Simonet al. (1994)
Eo 2.26093766942962% 10 rad  LSQt
E, 1.02985456748611% 10°2 rads™ LSQ t
E, $7.87529744849123% 10°2 rads? LSQ t
ES 9.776692309499138 10°°  rad Dickman(1993)
E;  $6.857935725000198 10%°  rad Dickman(1993)
ES 3.783804480256964 10%°  rad LSQ't
ES 2.878954568890594 10°° rad  LSQt

1 S$1.069696206302008 10  rads™  Dickman(1993)

. $1.183000000000008 108 rads® LSQ t




