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These constituentscurrentlycannotbe predictedand, presum-
ably, they cannotbe predicted in principle. Therefore,even if
a precise theoryof forcednutationis developedin the future,
one should apply parametersdeterminedfrom observations in
orderto represent thequasi-diurnalmotion.

Recognizingthatboth componentsin theEarth rotation can-
not be predictedwith accuracy comparableto the precision of
observations, promptsusto reconsider approachesto represent-
ing the Earth’s rotation and the role of the theory. The quasi-
diurnal motion should be described with the use of parameters
determinedby continuousobservationsin a similar way asthe
UT1 and Chandler polar motion.Thetheoryof nutation should
be considerednot asa tool for data reduction or for predicting
the Earth’s orientation, but as a meansfor validating geophysi-
calmodels. At thesametime,atheoryof theEarth’srotation can
provide valuable guidancefor building empirical mathematical
models.

The goals of this paper are to build such anempirical math-
ematical model, to demonstrateusing a longdataset of observa-
tions that it is feasible, and to show that this approachdescribes
theEarth rotation at least aswell as thetraditionalway. It should
be notedthat an empiricalmathematicalmodelhasa di� erent
meaningthana theoreticalmodel.Thetheoreticalmodelrelates
a function of time that describesthe Earth rotation with speci�c
properties of the Earth’s body in the form of a solution of the
equationof dynamics. Theempiricalmathematicalmodelrelates
this function of time to observations using a parameter estima-
tion technique.A minimal requirementfor an empirical model
is to represent thephenomenawith the least possible errors for
the entire interval of observationsand to provide estimates of
uncertainties.We will alsotry to satisfy two additional require-
ments: the model should be simple and the parametersof the
modelshould not bestrongly correlated. If parameter estimates
arestrongly correlated,their comparisonwith theoreticalpredic-
tionsbecomesproblematic.We will representtheEarthorienta-
tion parameters(EOP)in theform of an expansion over a family
of basis functions.

The procedurefor developing an empirical model of the
Earth’s rotation is presentedin the rest of thepaper. Thechoice
of the a priori modeland basis functionsis describedin Sect. 2,
the proposed mathematical models is described in Sect. 3, the
strategy of analysis of the 22 yearlongdataset of VLBI obser-
vations is presented in Sect. 4, and the results of solutions are
discussed in Sect. 5. Concludingremarksaregiven in Sect. 6.

2. Choice of the a priori model and the basis
functions

2.1. Model of observations

We consider herethat N stations observe K celestial physical
bodies. It is assumedthat eachstation is associatedwith a ref-
erencepoint. In the case of VLBI antennaswith intersecting
axes, this is the intersection point of the axes. Observing sta-
tionsreceiveelectromagneticradiationemittedby celestial bod-
ies, and eachsample of the received signal is associatedwith
a timestampfrom a local frequency standardsynchronizedwith
theGPStime. Analysis of voltageandtime stampsof received
radiation eventually allowsusto derivephotonpropagation time
from referencepoints of observed bodiesto referencepoints of
observing stations. These distancesdependon the relative posi-
tionsof stationswith respectto theobserved bodies. Theinstan-
taneouscoordinate vector of station i, r i(t), at a given moment
of time is represented as the sum of a rotation and translation

Fig.1. Thepolyhedronof observingstations(black)andthepolyhedron
of observed bodies(grey). Therelativeorientation of twopolyhedronsis
estimated from observationsof projectionsof vectors betweenobserv-
ing stationsandobserved bodiesandinterpretedastheEarth’s rotation.

applied to avector r i(t0) at initial epoch t0 as

r i(t) = �M (t) r i(t0) + T(t) + di(t) (1)

where�M is the rotation matrix, T(t) is the translational motion
of the network of stations, and d(t) is a displacementvector.
Equationsof photonpropagation tie the instantaneousvector of
site coordinates r i(t) with vectors of observed physical bodies
and their time derivatives.Theserelationships allow us to build
a system of equations of conditions. Station position vectors at
a given epoch and the quantities on the right-hand side of ex-
pression1 areestimatedfrom a single least squaresolution.

The displacementvector di(t) characterizesthe motion of
anindividual station, while matrix �M andvectorT describethe
motion of the entire network. Assuming the stations are solidly
connectedto the Earth’s crust, we consider that this part of mo-
tion represents the motion of the entire Earth. In particular, ma-
trix �M (t) describesthe Earth’s rotation. Schematically, the me-
chanicalmodelof observationscanbeviewedasthemotion of
the polyhedronof observingstationswith respectto thepolyhe-
dronof observed bodies(Fig. 1). It should benotedthat theEOP
arede�n ed hereas theparametersof anestimation model, while
in the framework of the traditionalapproach,they arede�nedas
anglesbetweenbig circlesonasphere.

Sinceboth �M (t) and vector d(t) are functionsof time, i.e.
in�n ite setsof points, they can be evaluated from a �n ite set
of observationsonly in the form of anexpansion in somefunc-
tions. When wesay that thematrix �M (t) isdeterminedfrom ob-
servations, this shouldnot beunderstoodliterally, but insteadit
should be construedthat a mathematical model for the depen-
denceof �M (t) on timeisassumed, eitherexplicitly or implicitly .
The model dependson a � nite set of unknown parameters that
aredeterminedfrom observations.

The choice of the mathematical model is not unique. On
onehand,the mathematical modelshould approximate the ro-
tation with errors comparable to uncertainties of observations
during the full interval of observations. On the other hand,we
should be able to estimate robustly all the parameters of the
model. Let usconsiderseveral approaches.
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2.2. The time series approach

The easiestway to represent a rotation is to estimate the ma-
trix �M (t) at certainsmomentof timeand,thus, generatethetime
series. The 3 × 3 matrix �M has9 elements, but only threeof
themarelinearly independent. An arbitrary rotationmatrix can
bedecomposedinaproductof severalelementary rotationmatri-
ceswith respectto coordinateaxesat certainangles. Therefore,
it is su� cient to determinethese rotationanglesin orderto de-
termine thematrix �M (t) from observations.

The fundamental problem is that no observation technique,
except the laser gyroscope, is sensitive to the instantaneous
Earth’s rotation vector or to its time derivativesdirectly. The ro-
tation angles can be derived using the leastsquare estimation
procedure,togetherwith evaluating otherparameters. It requires
accumulatingsu� cientamountof data in orderto separatevari-
ables. The estimates of the Earth’s rotation angles cannotbe
sampledtoo fast.A typicalsampling rateof estimatesis oneday,
since this allows compensation for a certain type of systematic
error. In somecasesthesamplingratecanbereducedto several
hours.

Unfortunately, onecannotneglectchangesin theEarth’s ro-
tation anglesduringthe sampling interval. The accuracy in de-
termining rotation anglesfor the24-hperiod is nowadaysat the
level of 2Š5 × 10Š10 rad.Theamplitudeof thequasi-diurnalmo-
tion aroundaxes1 and 2 is growing with a rate that is an order
of magnitudeof 7 × 10Š12 radsŠ1. Therefore,thismotion should
� rst beseparated from theslowly varyingcomponents. In theera
of optical astrometry, somecomponentsof this motion,namely
precession and nutation, were determined separately from ob-
servationsof slowly varying componentsusing a di� erenttech-
niqueandeven di� erentinstruments. Theobservationsof slowly
varyingconstituentsin theEarth’srotationangleswerecorrected
with a modelof thequasi-diurnal motion. Herring et al. (1986)
have demonstrated that corrections to the model of the quasi-
diurnal motion aroundaxes1 and 2 canbe estimated together
with slowly varying componentsof theEarth rotation, if the ro-
tation anglesaroundcoordinate axesAi(t) are parameterizedin
the form

A1(t) = b1(t) + �b1(t)(t Š t0) + c(t) cosŠ� nt + s(t) sinŠ� nt
A2(t) = b2(t) + �b2(t)(t Š t0) + c(t) sinŠ� nt Š s(t) cosŠ� nt
A3(t) = b3(t) + �b3(t)(t Š t0) (2)

where � n is the nominal diurnal Earth’s rotation rate,
7.292115146706707× 10Š5 radsŠ1. Parametersc(t), s(t), bi(t)
areslowly varying functionsof time.This approachquickly be-
cametraditional for processing VLBI experiments, and eight
parameters, b1, b2, b3, �b1, �b2, �b3, c, sareroutinelydeterminedfor
eachindividual24 h observingsession.

2.3. Limitations of the time series approach

However, it is important to realizethe limitationsof the timese-
riesapproach.First, theraw timeseriesof estimatesprovidesthe
valuesof rotation anglesonly at speci� c discretemoments. They
do not determine a functionaldependenceof rotation angleson
time. An enduser needsto have a tool for computing Earth’s
orientation at any moment of time within the interval of obser-
vations. Thus, the raw time series are the basis for the second
step of processing that involves smoothing and interpolation.
Smoothingandinterpolation of thetimeseriesck, sk, b1k, b2k, b3k
implicitly assumes that Ai(t) satis� es somemathematicalmodel
thatappearsto bedi� erentfromthemodelin expression(2) used

in theestimation process.Theresulting smooth function of rota-
tion anglesdoesnotprovidethebest � t to observations; if it did,
nosmoothingwould havebeenneeded.

Second,at the present level for accuracy of observations,
the estimation model corresponding to Eqs. (2) is not ade-
quate: one cannotneglect changesin c(t), s(t) and �bi(t) over
the interval of estimation, typically 24 hours. Adjusting time
derivatives �c(t), �s(t), b̈i(t) makesestimatesof theseparametersso
strongly correlated thatthey do nothavea practicalvalue.

Changesin theapriori modelfor slowly varyingcomponents
of rotation anglesa� ectall estimatedparameters, includingc(t)
ands(t). In orderto demonstrate this, two VLBI solutionsusing
3563 twenty four hour observing sessions from 1984 through
2006werecomputed.TheUSNO FinalsEOPtimeseriesof pole
coordinates and UT1–TAI with a time spanof 1 day (Dick &
Richter 2004)2 were usedasthe a priori modelin thereference
solution.TheGaussiannoisewith standarddeviation 1 nradwas
addedto all components of the USNO Finals EOP series, and
thesemodi�ed time series were usedin the trial solution. The
rms of di� erencesin the total values of b(t), c(t), s(t), i.e., the
sum of a priori valuesandadjustmentsover the24 h time inter-
vals, was0.14nradfor b(t) and0.16nradfor c(t) and s(t). Since
the accuracy of estimatesof b(t), c(t), s(t) from 24 h VLBI ex-
perimentsis currently at a 0.3 nrad level, the accuracy of the
a priori EOP seriesshould be better than1 nradin orderto re-
duce the contribution its errors to a negligible level: 1/2 of the
randomerror in estimates. In a similar way, the changein the
apriori modelfor thequasi-diurnalmotion also a� ectsestimates
of c(t), s(t) and bi(t). Althoughonecan expect that a continu-
ousprocess or re� ning the a priori modeland subsequentleast
squareestimation should converge,thisdoesnothappenin prac-
tice.It is known amonganalystswhoprocessraw datathat,if the
initial apriori valuesarechanged, thetotal angles,i.e.thesum of
theapriori andtheadjustments, comeoutdi� erent.Researchers
whoprocesstimeseriesarenotalwaysawareof thesecomplica-
tionsandtendto consider the resultsof processing thesameob-
servationsby di� erentanalystsasindependent“data”,so they at-
tributethedi� erencesbetweenthemto so-called“analyst noise”.
These discrepanciesoccurdueto an internal inconsistency be-
tweenthe estimation model, the a priori model, and the post-
processingprocedure.

Third, the secondstep in the analysis, smoothing andinter-
polation, is rather subjective. A di� erentdegreeof smoothing
producesa di� erentseries.

Finally, the time series cannotbe used directly for making
aninferenceaboutthe physical processes thata� ect theEarth’s
rotation. Thetimeseriesaretransformedby variousanalysispro-
cedures. Thedependenceof theserieson the a priori modeland
the correlationsbetweenthe elements of time seriesare usually
ignored.The correlations between the elements are not zero,
because the elementsthemselves wereestimatedtogetherwith
otherparameterslikeglobalsitevelocity or sourcepositionsthat
areconsideredcommonfor the entire interval of observations.
Althoughthese correlationsarenot strong, typically at a level
of 0.1,their contribution issigni� cantwhenlongtimeseriesare
processed.

Due to the complexity of the a priori model, analysts who
process the time series of estimates usually do not handle the
total angles of the Earth’s rotation, but rather adjustments to
the apriori values,tacitly assuming that analystswho processed
the raw data strictly followed a standardizedprocedurefor data

2 Availableon the Internet at ftp://maia.usno.navy.mil/ser7 /
finals.all
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Fig.2. The logarithm of the power spectrum of the tide generating
potential in kg2 m4 sŠ4 asa function of theangular frequency.

reduction. In reality this is oftennot thecase.This createsanad-
ditionalsourceof confusion anderrors.

Thesecomplicationspromptusto look for aone-step proce-
dureof estimation of theEarth’sorientation parameters.

3. Representation of the Earth rotation in the form
of the expansion into basis functions

While Eqs. (2) represent rotation angleswithin a short period
of time,24 h, they arenot adequate for a longerperiod of time.
We needto �nd amathematicalmodelwhichwould bevalid for
the entire periodof observations, i.e. severaldecades. The ma-
trix �M a hasa non-lineardependenceon its arguments. A linear
estimator, theleast squaremethod,allows usto evaluate not the
matrix itself, but its small perturbation. Thecoordinate transfor-
mation of avector r from theterrestrial coordinatesystemto the
celestialcoordinatesystemis thenwrittenas

rC = �M a(t) rT +
�
qe(t) + qa(t)

�
× rT (3)

whererC andrT designate the coordinatesof thevector r in the
celestial and terrestrial coordinatesystems, respectively, qe(t) is
the vector of a small perturbational rotation, qa(t) is the small
a priori rotation vector in the terrestrial coordinate system,
and�M a(t) is the a priori matrix of � nite rotation. Vectors qe(t)
and qa(t) are small in the sense that we canneglect squaresof
their components. Thevector qa(t) canbeset to zeroby an ap-
propriate choice of the matrix �M a(t). Considering that the ac-
curacy of determinationof rotationanglesaveragedover a 24 h
period is currently at the level of 3 × 10Š10 rad,andtheaccuracy
of estimatesof amplitudes of harmonic constituents averaged
over theperiodof 20 yearsis at thelevel of 10Š11 rad,the com-
ponents of vectors qa(t), qe(t) should not exceed3 × 10Š6 rad.
It should be notedthat these requirementson accuracy of the
a priori modelare threeordersof magnitudeweaker than those
neededfor an unbiasedestimation of timeseries.

In orderto � nd anappropriate basis for expanding of qe(t),
we needto use an a priori knowledgeof the process undercon-
sideration. The Earth’s rotation can be considered in terms of
a response to externalforces. Theexternal forcesthat a� ect ro-
tation of the solid Earth are caused1) by redistribution of geo-
physical � uids and 2) by tidal attraction of externalbodies. The
� rst process is not predictable and is dominating at frequencies
by modulo much less thanthe diurnal frequency � n. The tide-
generating potential exerted by external bodiescanbe consid-
eredto be known precisely. Its spectrumhas a comb of very
sharplinesasshown in Fig. 2.

To characterizetheEarth’s response,weshould take into ac-
countthat the triaxiality of the Earth’s inertia tensor (B Š A)/ C
is small, about2 × 10Š5. Therefore,thedi� erential equationsof
the Earth’s rotation are linear. First, this leads to decoupling ro-
tation aroundtheaxes1 and2, i.e.thepolarmotion,androtation
aroundthe axis 3, the diurnal motion. Second,the response to
harmonicexternalforceswill result in harmonicvariationsof the
component2 of qe with thesameamplitudeascomponent1 with
thephaseshif tedby Š�/ 2.Third,theexcitationat thediurnalfre-
quency will result in theappearanceof cross-termst sinŠ� n and
t cosŠ� n (Moritz 1987).

Considering thesefactors,thefollowingmathematicalmodel
for thethevector of a small perturbationalrotation isproposed:

qe(t) =

�
�������������������������������������������������������

nŠ1�

k=1Šm

f1k Bm
k (t) +

N�

j

�
Pc

j cos� m t + Ps
j sin� j t

�

+ t (Sc cosŠ� n t + Ss sinŠ� n t)

nŠ1�

k=1Šm

f2k Bm
k (t) +

N�

j=1

�
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j sin� j t Š Ps
j cos� j t

�

+ t (Sc sinŠ� n t Š Ss cosŠ� n t)

nŠ1�

k=1Šm

f3k Bm
k (t) +

N�

j=1

�
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j cos� j t + Es
j sin� j t

�

�
																																																						


(4)

where Bm
k (t) is the B-spline function of degree m deter-

mined at a sequence of knots t1Šm, t2Šm, . . ., t0, t1, . . . tk;
� j are the frequencies of external forces; the coe� -
cients fik, Pc

j , Ps
j , Sc, Ss, Ec

j , Es
j ; are theparametersof theexpan-

sion, � n is thenominal frequency of theEarth’s rotation.Heren
is thedimension of the B-splinebasisand N is thedimension of
the Fourier basis. Thus, thevector of small perturbationalrota-
tion is expandedinto the basis of B-splines, which is orthogo-
nal over theentire period of observations, and the basis of har-
monic functions, which is orthogonalin the range(Š� , +� ).
The � rst basis approximates the slowly varying componentin
the Earth’s rotation, the secondbasis approximates the quasi-
diurnalcomponent,aswell asotherharmonicconstituentsof the
Earth’s rotation.

3.1. The B-spline basis

TheB-splinebasis functionswere � rst introducedby Schönberg
(1946).TheB-spline function of degreem dependson time and
on a monotonically nondecreasing sequenceof n knots at the
interval [t1, tn]. In orderto introducesplines, let us extend this
sequenceby addingmelementsat thebeginningof thesequence
andm Š 1 elements at theendof thesequencesuch that t1Šm =
t2Šm= . . . = t0= t1 andtn= tn+1 = tn+2 = . . . = tn+mŠ1. At agiven
extendedsequenceof n+2mŠ1 knots, n+mŠ1 B-splinefunctions
with the pivot elementk � 1 Š m, 2 Š m, . . . n Š 1 are de� ned
througharecursiverelationship.

The B-spline of the 0th degree with the pivot knot k �
[1, nŠ1] on the knots sequence(t1, t2, . . ., tn), such that
t1 � t2 � . . . � tk, isdeterminedby

B0
k(t) =

�
1, if t � [tk, tk+1)
0, otherwise. (5)

The B-spline of the mth degree with the pivot knot
k � [1 Š m, n Š 1] on the extended sequenceof knots



L. Petrov: Theempirical Earth rotation model from VLBI observations 363

Fig.3. The logarithm of the power spectrum of quasi-diurnal vari-
ations in q1, q2 components of the rotation vector according to the
REN–2000expansion in rad2 asa function of theangular frequency.

(t1Šm, t2Šm, . . . tn+mŠ2, tn+mŠ1) is expressedvia the B-splinesof
the mŠ1th degreeas

Bm
k (t) =

t Š tk
tk+m Š tk

BmŠ1
k (t) +

t Š tk+m+1

tk+1 Š tk+m+1
BmŠ1

k+1 (t). (6)

Computation of B-splinesis assimple ascomputation of other
polynomials. Similar simple recursive relationships exist for
derivatives of B-splines and integrals. The B-spline of de-
greem with the pivot elementk is non-zeroonly at the inter-
val (tk, tk+m+1). It canbe proved that a sequenceof n + m Š 1
B-spline functionsof degreem with pivot elements k � 1 Š m,
2 Š m, . . ., n Š 1 formsa basis on the interval [t1, tn]. Theproof
of this and many other useful theorems relatedto B-splinescan
befoundin Nürnberger(1989).

In general, knots canbe selected arbitrarily. Test runshave
shown that a set of B-spline functionsof the 3rd degreewith
equidistantknotswith atimespanof 3 daysfor components1, 2,
and1 dayfor component3 of thevector qe(t) adequately repre-
sentstheslowly varyingcomponentof theEarth’srotation.Weak
constraintson valuesof B-splines,its �r stand second derivatives
canbe imposedto ensurethestability of thesolution at intervals
with considerablegapsin observationsandat thebeginningand
the endof thedataset.

3.2. The Fourier basis

Modeling the quasi-diurnal components is more challenging.
The tides exertedby the Moon and the Sun cause variations
in sea currentsand the sea surfaceat tidal frequencies. These
variationsexcite changesin all components of theEarth’s rota-
tion.Theresonanceneartheretrogradediurnalfrequency causes
a signi� cant ampli� cation at that frequency band for compo-
nents 1 and 2 of the vector qe(t). The theoreticalspectrumof
this motion referredto as nutation computed by Souchay&
Kinoshita (1996,1997)andSouchayet al. (1999)for themodel
of the rigid Earth, the REN–2000expansion, is presented in
Fig. 3.

Theproblemis thatthespectrumisverydense, andobserva-
tionsduring a � nite period of time cannotresolve all the con-
stituents. The REN–2000spectrumhas 560 constituentswith
amplitudesgreaterthan 10Š11 rad and 1551 constituentswith
amplitudesgreaterthan10Š12 rad with the frequency di� erence
betweensomeof themaslow as10Š15 radsŠ1.

Several strategies canbeusedfor overcoming this problem.
First, we canselectfrequencieswith maximal amplitudes from
thetheoreticalspectrumand ignoreconstituentswith anangular

frequency separationless than� min = 2�/ � T, where � T is the
interval of observations. No signal will be mismodeled if the
frequency separationbetweentheconstituents� � � � min, since
in this case thetwo constituentswill beindistinguishable.

However, if theconstituentsare not very close, the mismod-
eledsignal will leak into adjustments at other frequencies.The
sidelobe with the amplitude A2 and frequency � 2 of the main
constituent with the frequency � 1 canbe omitted if the quan-

tity A2
� 2 Š � 1

� � min
is less than a certain threshold. Depending on

thethreshold level, thereareseveralhundredconstituentsin the
tidal spectrum for which thiscondition isnot valid.

One way to mitigatethis problem is to estimatethe ampli-
tude of close sidelobes, together with the amplitude of main
constituents, and to impose strong constraints on the amplitude
of sidelobesby using some a priori information. It is plausible
to assume that the a posteriori amplitudes of constituents of the
quasi-diurnalmotion for therealEarth di� erfrom thetheoretical
amplitudescomputedfor therigidEarthby multiplicativefactors
called transfer function,which isasmooth functionof frequency
accordingto theory. Thenwe canassumethatthetransfer func-
tion for two closeconstituents with theoretical amplitudes P be
the same, i.e. the ratio of complex amplitudes A of two close
constituentsis thesameasfor theapriori rigid Earth amplitudes,
and,therefore,should satisfy thisequation:

Pc
1 + i Ps

1

Pc
2 + i Ps

2
=

Ac
1 + i As

1

Ac
2 + i As

2
· (7)

Althoughthisapproachreducesthe leakagefrom a mismodeled
signal, it is not fully satisfactory. In general, using strong con-
straints is undesirable, sincethis introducesa bias in estimates.
Thevalidity of Eq. (7) cannotbecon� rmedor refuted from ob-
servations. It comesfrom a theory. But if the estimation model
implicitly incorporatestheoretical assumptions, strictly speak-
ing the estimates cannotbe used for validation of the theory.
AlthoughEq. (7) for EOP variationscaused by the tidal poten-
tial exertedby external bodieshasa soundtheoretical basis, we
should bear in mind that the ultimate goal of comparingtheo-
retical predictions with observations is to check the validity of
assumptionsbuilt into the foundation of thetheoryandto make
ajudgmentwhetherthemodeliscompleteor not. If thereareun-
accountedadditive constituentsat these frequencies, for exam-
ple,caused by thefreemotion,by theatmospheric,or by oceanic
excitation,theEq. (7) maynotbevalid.

An alternativeto constrainingsidelobesis thestrategy of es-
timating a wide range of constituents that are multiplesof � min
or, in other words, indirectly performing the discrete Fourier
transform of the perturbational rotation. With this approach,in
general we are in a position to discard our a priori knowledge
aboutthe frequency structure of the signal. Estimating the sig-
nal at discretefrequencies that are multiples of � min, from the
zerofrequency throughtheNyquist frequency, recoversany sig-
nal accordingto the sampling theorem.However, this kind of
approachapplied to estimating the vector qe(t) hasa practical
value only if the numberof non-negligible constituentsin the
discrete spectrum is signi�cantly lessthan the total number of
samples. Sincethespectrumof thetide-generatingpotential con-
sists of a set of discrete frequencies thatare not commensurate
to eachother, the frequencies that are multiplesof � min cannot
coincidewith all tidal frequencies.If theamplitudeof anarrow-
bandharmonic signal is not estimatedat its frequency, but esti-
mated at a setof nearby frequenciesthat are multiplesof � min,
the signal will be recovered only partially. The wider the
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rangeof frequencies, the better the approximation. The rate of
convergencedependson the amplitudeof the signaland the dif-
ferencebetweenits frequency andtheclosest frequency used for
estimation. Selection of reasonably good a priori qa(t) values
may signi� cantly reducethe numberof frequencies neededfor
estimationto reacha givenlevel of accuracy of approximation.

Other important constituents of the signal at the retrograde
diurnalbandare the freenear-diurnalwobble(Moritz 1987)and
the atmospheric nutations(Bizouardet al. 1998;Yseboodtet al.
2002).Since this signal is excited by a broad-bandstochastic
process,it is expectedthat theseconstituents in the Earth’s ro-
tation are also relatively broad-band.To model this signal, the
constituents at frequencies within the range of that band need
to be added to the list of constituents at tidal frequencies. It
follows from the sampling theoremof Kotelnikov (1933) that
a bandlimited signal with frequencies in the rangeof [� l , � h]
is completely recovered when the estimatesof the sine and co-
sineamplitudesof thespectrumaremadeatdiscretefrequencies
[� l , � l + � min, � l + 2 � min, . . . � l + (N Š 1) � min, � h].

The tidal spectrum also hasconstituents with low frequen-
cies, so-calledzonaltides. They a� ectcomponent3 in thevector
of the perturbationalrotation. Their contribution dominatesthe
rate of changefor this component. It would be desirable to esti-
mate the complex amplitude of this variations. Since the resid-
ual rate of changeof qe is a factor of 3–10less, constraints on
a rateof changefor theresidualcomponentof qe, modeledwith
an expansion over the B-spline basis canbe set strongerwith-
out introducing a biasin the estimates. This improves thesolu-
tion stability during intervals of time with gaps in observations.
For thesamereason, it would bedesirable to estimatevariations
in components 1 and2 of the Earth’s rotation vector at the an-
nual and Chandler frequencies: 1.990968× 10Š7 and1.678 ×
10Š7 radsŠ1, respectively.

3.3. Decorrelation constraints

It should be notedthat the estimatesof harmonicconstituents
with lower periodsthanthetimespanbetweennodesof B-spline
will so highly correlate with B-spline coe� cientsthat the sys-
tem of equationswill be very close to singular. Decorrelation
constraints on coe� cientsof the B-spline should be imposed
in orderto overcomethis problem.We require that the product
of expansion over basic B-spline and Fourier functionsfor the
jth frequency bezeroover theinterval of observations:

t1�
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�������
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(8)

This is reducedto

nŠ1�

k=1Šm

fk

+��

Š�

Bm
k (t) cos� j t dt = 0

nŠ1�

k=1Šm

fk

+��

Š�

Bm
k (t) sin � j t dt = 0.

(9)

Thus, two constraint equationsfor eachfrequency are to beim-
posed. The Fourier integral of a B-spline of the mth degreein
Eq.(9) onaknotssequence(tk, tk+1, . . ., tn) with thepivot knotk

such thatk Š m � nŠ 1 isexpressed throughtheFourier integral
of a B-splineof the mŠ 1 th degree:

Fm
k (� ) =

+��

Š�

Bm
k (t) ei � t dt = Š

i

�



Bm

k (tn) ei � tn Š Bm
k (t1) ei � t1

�

+
i m

� (tk+mŠtk)
FmŠ1

k (� )+
i m

� (tk+1Štk+m+1)
FmŠ1

k+1 (� ). (10)

TheFourier integral of a B-splineof the0th degreeon thesame
sequence(tk, tk+1, . . ., tn) with thepivot knot i is

F0
k(� ) =

+��

Š�

B0
k(t) ei � t dt =

i

�



ei � tk Š ei � tk+1

�
. (11)

4. Anal ysis of VLBI obser vations

4.1. The VLBI dataset

A set of estimates of group delays at frequency bandscen-
tered around 2.2 and 8.6 GHz from January 1984 through
January2006wasused to validatetheproposedapproaches. The
InternationalVLBI Service for Geodesy andAstrometry (IVS)
(Vandenberg 1999)providesonline access to the collectionof
all observationsmadein the geodetic modeundervariousas-
trometric and geodynamics programsfrom 1979 throughnow
at http://ivscc.gs fc. nasa.go v. TheVLBI data set shows
a substantial spatial and time inhomogeneity. Typically, obser-
vations are made in sessions with a duration of about 24 h.
Observationsweresporadic in theearly 80s, but in January1984
a regular VLBI campaign for the determination of the Earth
orientationparametersstarted � rst with 5-day intervals, from
May 1993with weekly intervals, andfrom 1997twice a week.
In addition to theseobservations, various other observing cam-
paigns were running. On average,150 sessions per year have
beenobserved since1984.

During that period153stationsparticipatedin observations,
althougha majority of them observed only during short cam-
paigns. Theobservationsatstationsthatparticipatedin less than
20000 observations, and the stations that only participated in
at regional networks with sizesof 2000km andless weredis-
carded.Forty four stations remained. Observationsof sources
that were observed in less than 4 sessions and gave less than
64 usable pairs of dual-bandgroupdelays were excluded.The
data beforeJanuary1984were also discarded.In total, � 5% of
the observations were excluded,and the remaining data from
3563sessionsbetweenJanuary1984to August 2006,morethan
4.6 millio n of dual-band pairs of group delays, were usedin the
analysis.

Thenumberof participatingstationsin eachindividual ses-
sion variesfrom 2 to 20, although4–7 is a typical number. No
station participatedin all sessions, but every station participated
in sessions with many di� erentnetworks. All networks have
commonnodesand, aretherefore,tied together. Networks vary
signi�cantly, but morethan70%of themhave a size exceeding
the Earth’s radius.

4.2. Theoretical model

The stateof the art theoretical models were usedfor computing
the theoreticaltime delayandits partialderivatives. Theproce-
durein generalfollows the approachpresentedby Sovers et al.
(1998)with some minor re� nements. The expression for time
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Table 2. The weighted root meansquares of thedi� erencesbetweenestimatesof the Earth rotation model from analysis of VLBI observations
andtheUSNO Finals EOP model for the period of [1996.0, 2006.0]. Thestatistics in rows 1 and2 correspondto solution B, which follows the
proposedapproach.Thestatisticsin row 3 correspondto solution gsf2006c,which follows thetraditionalapproach.

Solution q1 q2 q3 �q1 �q2 �q3

ERM all 0.79 × 10Š9 rad 0.99 × 10Š9 rad 0.64× 10Š9 rad 0.78× 10Š14 radsŠ1 1.16× 10Š14 radsŠ1 0.92 × 10Š14 radsŠ1

ERM exp 0.58 × 10Š9 rad 0.69 × 10Š9 rad 0.52× 10Š9 rad 0.77× 10Š14 radsŠ1 1.15× 10Š14 radsŠ1 0.81 × 10Š14 radsŠ1

gsf2006c 0.55 × 10Š9 rad 0.57 × 10Š9 rad 0.42× 10Š9 rad 1.89× 10Š14 radsŠ1 2.00× 10Š14 radsŠ1 1.52 × 10Š14 radsŠ1

Fig.4. The component1 of the residual perturbational vector with re-
spect to the Earth rotation USNOFinals EOPmodel.

where � = Š(� n + z01 + � 01) × 86400/ 2� , and parame-
ters E0, E1, E2, Ec

i , Es
i , 
 i , � , � �, � �, � 0, � n, z, � arefrom expres-

sions13.Thecoe� cientsof the interpolation spline for qu were
computed.These coe� cients form the USNO Earth rotation
modelas a continuousfunction of time. Sincethe GPS results
almost entirely dominate components1 and2 of theEarth rota-
tion vector from thatmodel, they canbeconsideredindependent
from ouranalysisof VLBI observations.

Thedi� erencesfor component1 betweenthe USNO model
and our results from solution B after removal the contribution
of harmonic variationswith periodsless than2 daysare shown
in Fig. 4. No pattern of systematic di� erencesis revealed.The
statisticsof these di� erencesfor all three components of the
small vector of theEarth rotation andtheir timederivativescom-
puted at the equidistant grid with time interval 2.5 h are pre-
sentedin the1st row of Table 2.

SincetheVLBI observationsarenotcarriedoutcontinuously
dueto budgetlimitations, theaccuracy of theEarthorientation
modelis the highest within an interval of observationsandthe
lowest at momentsof time whentherewere no observations. In
theframework of thetraditionalapproach,theEOPareestimated
on moments of time in themiddle of a 24 h observing session.
The statisticsof the di� erencesof theEOPseriesfrom analysis
of VLBI observationsgsf2006c3 for moments in the middle of
1426observingsessionsareshown in the3rd row of Table2.For
comparison, the EOPwere computedfrom results of solution B
atexactly thesameepochs, and thesestatisticsof thedi� erences
with respectto theUSNO modelarepresented in the2ndrow of
this table.

Analysis of statisticsshows that the di� erencesin compo-
nents1 and 2 of the Earth’s orientationaccordingto the pro-
posed and traditional approachesdo not exceed20%. At the
same time the proposedapproachgives theestimatesof all the
componentsof theEarth’sangularvelocity vector by a factor of
1.5–2.0closer to theGPS results thantheestimatesproducedin

3 Available on theWeb at
http://vlbi.gsfc.nasa.gov/s oluti ons/ 2006c

Fig.5. Thetimeseriesof theestimatesof thedaily o� setsof nutation in
obliquity when the empirical Earth rotation model from solution B was
used as the a priori. The wrms is3.9 × 10Š10 rad.

Fig.6. The time series of the estimates of the daily o� sets of nutation
in obliquity when the MHB2000 nutation expansion wasusedas the
a priori. The wrms is 9.8 × 10Š10 rad.

the framework of the traditionalapproach.According to thetra-
ditional approach,the EOP ratesandnutation daily o� sets are
computedfor eachsession independently, which makes them
lessstable. With theproposedapproach,at agiven epochseveral
experimentscontribute to estimatesof EOPrate,which makes
themmorerobust.

Analysis of the di� erencesin amplitudesof the harmonic
termsof components1 and2 of the vector of perturbationalro-
tation at the retrograde diurnal band with respect to the semi-
empirical MHB2000expansion (Mathews et al. 2002),showed
they can reach0.2 nrad for some terms. Detailedanalysis of
thesedi� erencesis beyond the scopeof the present paper. In
orderto test results, theempiricalEarth rotation modelfrom so-
lution B was usedas the a priori for the solution that estimated
the time series of daily o� set to nutations. The weighted root
meansquareof thedi� erencesfor theperiodof [1996.0,2006.0]
is 0.39 nradwhenresults of solution B wereusedastheapriori,
and0.98nradwhentheMHB2000wasused.Thedaily o� setsto
nutation in obliquity � � (t) with respectto bothmodelsareshown
in Figs. 5–6.
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Fig.7. The power spectrum of theestimatesof the quasi-diurnal varia-
tionsof components 1 and2 of the perturbationalvector of the Earth’s
rotation from solution A in the vicinity of the frequency of the near-
diurnal free wobble. The estimate for the frequency Š7.312026 ×
10Š5 radsŠ1, whichcorrespondsto the tidal frequency � 1, isnotshown.

5.2. Harmonic components in the Earth’s rotation

Analysis of estimatesof the harmonic components showed ex-
cessive power nearthe frequency of thenear-diurnal retrograde
wobble,aswasexpected.Thespectrumturnedout ratherbroad,
spanning arather wideband, and it partly overlapswith the tidal
frequency Š7.312026× 10Š5 radsŠ1 that correspondsto the an-
nual retrogradenutation as shown in Fig. 7. It was found by
Herringetal. (1986)that thenear-diurnalwobblecannotberep-
resentedby apurely harmonic modelwith aconstant amplitude.
This meansthatwhenthis componentof the Earth’s rotation is
representedin the frequency domain, several constituents in the
spectrumwill correspondto it.

Analysisof theresultsof theCfamily solutionsrevealedsev-
eralconstituentswith thenon-tidal signal.Thespectrumof com-
ponents 1 and2 in the vicinity of the frequency Š2� n, i.e. the
K2 tide, turnedout ratherbroad.Theexcerptof the power spec-
trum producedfrom estimatesof sineandcosine amplitudesof
thecomponents1 and2 isshown in Fig.8.Thissignalcannotbe
attributedto thespectralleakage,sinceno excessive power was
foundin thevicinity of evenastrongertideat theM2 frequency.
A relatively broad-bandsignal in the vicinity of the Š3� n fre-
quency, i.e. K3, wasfoundat the 3rd componentof the rotation
vector. Theexcerptof thepower spectrumproducedfrom esti-
matesof sineandcosineamplitudesof thecomponent3 isshown
in Fig. 9. A weaker signal in theestimatescanalso berevealed
in the vicinity of the Š4� n frequency. A similar signal canbe
seenat progradefrequencies in the vicinity K2, K3, K4 at com-
ponents1 and24.

Anotherpeculiarity of the spectrumare sharp peaksat fre-
quencies ±4/ 5� n, ±6/ 5� n at a level of 2–7� above the noise
level. No convincing explanation wasfound,but it is suspected
that this signal in theestimatesmaybe an artifactcaused by er-
rors in modeling by analogy with a detection of a very strong
signal in estimatesof the harmonic constituents of the pertur-
bational Earth’s rotation from GPS time series at frequencies
that are multiple to the diurnal frequency: S1, S2, S3, S4, etc.,
reported by Rothacheret al. (2001).It should be noted that no
non-tidal signal at S3, S4 frequencies is seenfrom analysis of
VLBI groupdelays.

Solution D did not revealothermissed harmonic signals in
the diurnalband.

4 Sincecomponent3 wasconsideredasarealvalueprocess,itsspec-
tral power at negative frequencies isthesameasatpositive frequencies.

Fig.8. The power spectrum of theestimatesof the quasi-diurnal varia-
tionsof components 1 and2 of the perturbationalvector of the Earth’s
rotation from solution C in the vicinity of the ŠK2 frequency. The es-
timate for the frequency Š1.458423× 10Š4 radsŠ1, which corresponds
to the ŠK2, isnot shown.

Fig.9. Theportion of thepowerspectrumof estimatesof theter-diurnal
variations of components 1 and 2 of the perturbational vector of the
Earth’s rotation vector in the ter-diurnal band.The broadpeakis seen
nearthe ŠK3 frequency.

5.3. Error analysis

The formal uncertainties of the amplitudeson harmonics con-
stituents canbe evaluatedon the basisof the signal-to-noisera-
tio of fringephasesused for computing groupdelay by invoking
the law of errorpropagation.These uncertainties are in a range
of 5–12 prad.Analysis of the estimatesof the constituentsat
the frequency bandswhereno tidal or no-tidal signal was de-
tectedprovidesamorereliablemeasureof noise in adjustments.
It is 16 pradfor components 1, 2 and13 pradfor component3
for thediurnalband;13 pradand10 pradfor these components
at otherfrequency bands. This correspondsto displacementsof
0.06–0.12mm at the Earth’s surface.Evaluationof the level
of systematic errors is more problematic. The major possible
sourceof systematic errorsis consideredto be a residual mo-
tion of theindividualstations. In fact, therotation of thestation
polyhedronwasevaluated,andit wasassumedthatthemotion of
this polyhedronis a representative measureof theEarth’s rota-
tion. This assumption isvalid to theextent that residual horizon-
tal motion of individualobserving stationsis negligible. Petrov
& Ma (2003) estimatedharmonicsite position variationsand
found that the accuracy of modelingthe horizontalmotion of
individual stationsis at the level of 0.4 mm. In the case of the
errorsof modeling being completelyuncorrelated, this error will
be diluted as

�
Ne� , where

�
Ne� is the e� ective numberof

observing stations, 10–44, depending on how to de� ne the
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e� ective numberof stations. Unfortunately, the distribution of
residualmotionsof stationsat tidal frequenciesshows a pattern
of a systematic behavior, which doesnotsupportthehypothesis
of uncorrelated errors. A conservative estimate of the possible
contribution of theunmodeled residualmotion of thenetwork of
stations to the estimatesof harmonic constituents of the pertur-
bational rotation suggests a dilution factor of 2, i.e. the surface
displacements� 0.2 mm. That meanssystematic errorsmay be
two timesgreater thanrandomerrors.

Dehantet al. (2003)investigatedthe in� uenceof systematic
errorsdueto theneglectof themodeling sourcestructure.It was
suggested to split the observed radio sourcesinto two classes,
“stable” and“unstable”, andeither to remove unstablesources
from analysis or to estimate the time series of their positions.
In this papera di� erentapproachwas used: propermotion of
thosesourcesthathadalongenoughhistory of observationswas
estimated.Thismethodissupposedto reducesystemic errorsin
the estimatesof the harmonic constituents in the perturbational
rotation vector.

6. Conc lusion

It was demonstrated that the empirical Earth rotation model
canbe determined directly from observationsover a period of
22 yearsusing the least squareestimation technique.The ad-
vantageof theproposedapproachis that a continuousfunction
describingtheEarth’sorientation isdeterminedin onestepwith-
outproducingintermediatetimeseries. Theconsistency between
station positions, sourcecoordinates, andtheempiricalEarth ro-
tation model is automatically achieved. Another advantage of
the proposed approachis that a simpli� ed a priori model with
only 31 numerical parameters is su� cient, while the traditional
approachneedsacomplicatedapriori modelof precession,nuta-
tion,high frequency harmonic variationsof the Earth’s rotation,
and a �lter ed and smoothed time seriesof the Earth orientation
parametersproducedin thepreviousanalysis, in total 46000nu-
mericalparameters(McCarthy & Petit 2004).

The traditional approachto describing the Earth’s rotation
follows the formalism of either Newcomb and Andoyer or
Guinot (1979) and Capitaine et al. (1986),and involves such
notionsas the celestial intermediate pole, the point of the ver-
nalequinox,thenon-rotating origin, theecliptic, andotheraxes,
points, planes, andcircleson thecelestial sphere.Theadvantage
of the empirical Earth rotation model is that it is conceptually
simpler, since it is built entirely kinematically anddoesnot re-
quire introduction of intermediate points, axes, planesthat are
notobservable.

It was demonstratedthattheempirical Earthrotationmodel
derived fromanalysisof VLBI observationsgivesthedi� erences
with respect to the EOP derived from analysis of independent
GPS observationsat moments of observation at thesamelevel,
within 20%, asthedi� erencesof theVLBI EOPseriesproduced
with the traditional approach.The advantageof the proposed
approachis that the estimatesof the EOP ratesare a factor of
1.5–2.0closer to theGPS time series thantheVLBI EOP rates
estimatedfollowing the traditional approach.

Whenresults of analysis of observationsarecomparedwith
theoretical predictions, two approachescan be taken: a) the
parameters that describeempirical data areformulated through
parameters of the theoretical models; b) theoretical predictions
aretransformedto aformthatcanbeunambiguously determined

from theobservations. Representation of theEarth’s rotation in
theformof theexpansion into basisfunctionsestablishesafoun-
dation for the secondapproach.

Scienti�c interpretation of the results of estimation of the
empiricalEarth rotation modelwill begiven in thenext paper.
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Table 3. Numerical valuesof the a priori Earth rotation modelparametersusedin data reduction.

Var Value Units Source
� 00 1.140216587056520× 10Š10 rad Simonetal. (1994)
� 01 3.542805701761733× 10Š12 radsŠ1 Simonet al. (1994)
� 02 1.471291601425477× 10Š25 radsŠ2 Simonet al. (1994)
� 00 9.909515599113584× 10Š11 rad Simonetal. (1994)
� 01 3.079019263961936× 10Š12 radsŠ1 Simonet al. (1994)
� 02 Š2.076601527511399× 10Š25 radsŠ2 Simonet al. (1994)
z0 1.140216587060519× 10Š10 rad Simonetal. (1994)
z1 3.542805701761733× 10Š12 radsŠ1 Simonet al. (1994)
z2 5.331975251279779× 10Š25 radsŠ2 Simonet al. (1994)
� 00 0.409092629687089 rad Simonetal. (1994)
� 01 Š7.191223191481661× 10Š14 radsŠ1 Simonet al. (1994)
� 02 Š7.399638794037328× 10Š29 radsŠ2 Simonet al. (1994)
S0 1.753368559233960 rad Aoki (1982)
� n 7.292115146706979× 10Š5 radsŠ1 Aoki (1982)
p1 Š8.377867467753367× 10Š5 rad Souchay& Kinoshita (1996)
p2 Š6.193374542381407× 10Š6 rad Souchay& Kinoshita (1996)
e1 4.473817016047498× 10Š5 rad Souchay& Kinoshita (1996)
e2 2.682642812740089× 10Š6 rad Souchay& Kinoshita (1996)
� 1 2.182438855728973 rad Simonetal. (1994)
� 2 3.506953516079786 rad Simonetal. (1994)
	 1 Š1.069696206302000× 10Š8 radsŠ1 Simonet al. (1994)
	 2 3.982127698995000× 10Š7 radsŠ1 Simonet al. (1994)
E0 2.260937669429621× 10Š3 rad LSQ�t
E1 1.029854567486117× 10Š12 radsŠ1 LSQ� t
E2 Š7.875297448491237× 10Š22 radsŠ2 LSQ� t
Ec

1 9.776692309499138× 10Š5 rad Dickman(1993)
Es

1 Š6.857935725000193× 10Š6 rad Dickman(1993)
Ec

2 3.783804480256964× 10Š6 rad LSQ�t
Es

2 2.878954568890594× 10Š6 rad LSQ�t

 1 Š1.069696206302000× 10Š8 radsŠ1 Dickman(1993)

 2 Š1.183000000000000× 10Š8 radsŠ1 LSQ� t


